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ABSTRACT. We consider representations of the Virasoro algebra, a one-dimensional cen-
tral extension of the Lie algebra of vectorfields on the unit circle. Positive-energy, highest
weight and Verma representations are defined and investigated. The Shapovalov form
is introduced, and we study Kac formula for its determinant and some consequences for
unitarity and degeneracy of irreducible highest weight representations. In the last section

we realize the centerless Ramond algebra as a super Lie algebra of superderivations.
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94 2 DEFINITIONS AND NOTATIONS

1 Introduction

In this second part of the master thesis we review some of the representation theory for
the Virasoro algebra. It is the unique nontrivial one-dimensional central extension of
the Witt algebra, which is the Lie algebra of all vectorfields on the unit circle. More
specifically we will study highest weight representations, which is an important class
of representations. Shapovalov ([5]) defined a Hermitian form on any highest weight
representation. This in particular induces a nondegenerate form on the irreducible
quotient. Thus properties of irreducible highest weight representations can be studied
in terms of this form. In [2], [3] Kac gave a formula for the determinant of the Shapovalov
form. The formula was proved by Feigin and Fuchs in [1].

In Section 2 we introduce some notation that will be used throughout the article.
The Witt algebra is defined algebraically as the Lie algebra of all derivations of Laurent
polynomials. We show that it has a unique nontrivial one-dimensional central extension,
namely the Virasoro algebra. We define highest weight, positive energy, and Verma
representations in Section 3. Conditions for an irreducible highest weight representation
to be degenerate or unitary are considered in Section 4. We also provide some lemmas to
support the main theorem (Theorem 28), the Kac determinant formula, although we do
not give a complete proof. Finally, in Section 5 we consider a supersymmetric extension
of the Witt algebra, and we show that it has a representation as superderivations on
C[t,t7 1, ¢ | € = 0]. Superderivations are special cases of g-derivations, as described in
the first part of the master thesis.

2 Definitions and notations

For a Lie algebra g, let U(g) denote its universal enveloping algebra.

Definition 1 (Extension). Let g and I be Lie algebras. An extension g of g by I is a
short exact sequence

0 s I ' 3 ' g y 0

of Lie algebras. The extension is central if the image of I is contained in the center of
g, and one-dimensional if I is.

Note that g is isomorphic to g1 as linear spaces. Given two Lie algebras g and I, one
may always give g [ a Lie algebra structure by defining [z +a, y+0blger = [z, ylg+[a, b];
for x,y € g,a,b € I. This extension is considered to be trivial.

Definition 2 (Antilinear anti-involution). An antilinear anti-involution w on a complex
algebra A is a map A — A such that

wAz + py) = dw(z) +aw(y)  for \,peCa,ye A (1)
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and
w(zy) =w(y)w(x) forz,y € A, (2)
ww(x)) =z forze A. (3)
Definition 3 (Unitary representation). Let g be a Lie algebra with an antilinear anti-
involution w : g — g. Let m : g — gl(V) be a representation of g in a linear space

V' equipped with an Hermitian form (-,-). The form (-,-) is called contravariant with
respect to w if

(m(x)u,v) = (u,m(w(z))v) forall x € g,u,v € V.
The representation 7 is said to be unitary if in addition (v, v) > 0 for all nonzero v € V.

Remark 1. If only one representation is considered, we will often use module notation
and write xu for 7(x)u whenever it is convenient to do so.

The following Lemma will be used a number of times.

Lemma 1. Let V be a representation of a Lie algebra g which decomposes as a direct
sum of eigenspaces of a finite dimensional commutative subalgebra b:

V=P (4)

A€b*

where Vy = {v € V | hv = A(h)v for all h € b}, and b* is the dual vector space of b.
Then every subrepresentation U of V' respects this decomposition in the sence that

U=unw).

Aebh*

Proof. Any v € V can be written in the form v = Z;nzl wj, where w; € V), according
to (4). Since \; # A, for ¢ # j there is an h € b such that A\;(h) # A;(h) for i # j. Now
if v € U, then

v = wy + wy + ... + Wy,

hm’l(v) = Al(h)milwl + /\2<h)m71w2 + ... + /\m(h)milwm

The coefficient matrix in the right hand side is a Vandermonde matrix, and thus invert-
ible. Therefore each w; is a linear combination of vectors of the form h‘(v), all of which
lies in U, since v € U and U is a representation of g. Thus each w; € UN V), and the
proof is finished. O
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2.1 The Witt algebra

The Witt algebra 0 can be defined as the complex Lie algebra of derivations of the
algebra C[t,t™!] of complex Laurent polynomials. Explicitly,

Clt,t™ 1 = {Z ait" | ax € C, only finitely many nonzero}
keZ

and
0={D:C[t,t""] = C[t,t""] | D is linear and D(pq) = D(p)q + pD(q)} (5)

with the usual Lie bracket: [D, E] = DE — ED. One can check that 0 is closed under
this product. The following proposition reveals the structure of 0.

Proposition 2. Consider the elements d,, of 0 defined by

d
d, = —t""'—  forneZ.

dt
Then
v=pcd, (6)
nez
and
[dm, dy) = (M —n)dygn,  for m,n € Z. (7)

Proof. Clearly 0 2 ,,., Cd,,. To show the reverse inclusion, let D € ? be arbitrary.
Then, using (5), i.e. that D is a derivation of C[t,#™!], we obtain

D(1)=D(1-1) =D(1)-1+1-D(1) = 2D(1).
Hence D(1) = 0, which implies that
0=D(t-t ) =D(@)-t 1 +t-D(t),

which shows that
D(t™") = D(t) - (=t7%). (8)
Now define the element £ € ,,., Cd,, by

a
dt’
and note that F(t) = D(t). Note further that E(t~') = D(t) - (—t~2) and thus, by (8),

that the derivations F and D coincide on the other generator ¢! of C[t,¢~!] also. Using
the easily proved fact that a derivation of an algebra is uniquely determined by the value

E=D(t)
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on the generators of the algebra, we conclude that D = E. Therefore 0 C ,,., Cd,
and the proof of (6) is finished.
We now show the relation (7). For any p(t) € C[t,¢!], we have

() (p(t)) = dun (—"1 - P'(2)) =
= (") () + (=) din (P (1)) =
= —t"T (= )P (1) + (=) (=t (8) =
= (n+ D™ pl () + P ().

The second of these terms is symmetric in m and n, and therefore vanishes when we
take the commutator, yielding

[dn, ) (p(t)) = ((n+ 1) = (m + D))" (t) = (m —n) - dinin(p(1)),
as was to be shown. O

Remark 2. Note that the commutation relation (7) shows that 9 is Z-graded as a Lie
algebra with the grading (6).

2.2 Existence and uniqueness of Vir

Theorem 3. The Witt algebra d has a unique nontrivial one-dimensional central ex-
tenston 0 = 0 @ C¢, up to isomorphism of Lie algebras. This extension has a basis
{c}U{d, | n € Z}, where ¢ € C¢, such that the following commutation relations are
satisfied:

lc,d,] =0  forne€Z, 9)
3 _
[dp, dn] = (M — n)dpn + 5m,_n%c form,n € Z. (10)

The extension 9 is called the Virasoro algebra, and is denoted by Vir.

Proof. We first prove uniqueness. Suppose 9 = 2 @ CZ is a nontrivial one-dimensional
central extension of 0. Let d,,,n € Z denote the standard basis elements of 0, then we
have

ul

(o,

. (1)

Wl = (M = n)dn + a(m, n)c
] =0

for m,n € Z, where a : Z x Z — C is some function. Note that we must have a(m,n) =
—a(n, m) because 0 is a Lie algebra and thus has an anti-symmetric product:

ul

0 = [dn, dpn] + [dn, dp] = (m —n +n —m)dy + (a(m,n) + a(n, m))e.
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Define new elements

do ifn=0
d, —2a(0,n)c ifn#0

[,d]=0
(d,,, d,] = (m —n)dpin + a(m,n)c =
= (m —n)d,, ., +a(m,n)c (12)

for m,n € Z, where a' : Z x Z — C is defined by

( )= a(m,n) iftm+n=20
a\m, )= a(m,n) + 2=2a(0,m+n) ifm+n#0

m-+n

(13)

Note that since a is antisymmetric, so is @/, and therefore in particular a’(0,0) = 0.
From (13) follows that a’(0,n) = 0 for any nonzero n. These facts together with (12)
shows that

[dy,d] = —nd,, (14)

07 %n

Using now the Jacobi identity which holds in d we obtain

([do, ), o] + ([, ], do) + ([, o), )] = O

0 “nl» “m n»-'m

[—nd,,d,] + [(n —m)d,

ny Ym n+m + a’(n, m)cl’ dé]] - [dim mdlm] =0
(n -t m)n— m)dy, — (0 m)a )+ (n— m)(n -+ m)d o = 0

which shows that a’(n,m) = 0 unless n +m = 0. Thus, setting b(m) = a'(m,—m),
equation (12) can be written

[,d]=0
[d,,d,] = (m —mn)d,, ., + Ominob(m)c

mn

Again we use Jacobi identity

Hd:w dll]’ d/—n—l] + [[dll’ d/—n—l]’ d,n] + Hd/ d, ]’ dll] =0

[(n = Ddyr, dp ] + [(n+2)d ., d] + [(—2n = 1)d_,, )] = 0
(n—1)(2(n+1)dy+b(n+1)c" )+ (n+2)(—2ndy+b(—n)c )+ (—2n—1)(—2dy+b(—1)c") = 0
(2n® — 2 —2n% —dn +4n +2)dy + ((n — 1)b(n + 1) — (n+ 2)b(n) + (2n + 1)b(1)) = 0,
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which is equivalent to

(n—1bn+1) = (n+2)b(n) — (2n+ 1)b(1).

99

This is a second order linear recurrence equation in b. One verifies that b(m) = m and

b(m) = m?

such that
b(m) = am® + Bm.

Finally, we set

and
c = 12ac.

If o # 0, this is again a change of basis. Then, for m +n # 0,

[y dy) = (m —n)d,,+,, + Omsno(am® + Bm)d =

m3 —m
- (m - n)dm+n + 5m+n,OTca

and for m +n =0,

[dma dn] = (m - n)d' —+ (am?’ + ﬁm)cl —

m-+n

a+p

= 2md’

m—+n

+ 2m
m® —m

12

= 2mdin + c=

m3 —m
= (m - n)dm+n + (Sm_i_m()TC.

d + (am?® — am)d =

are two solutions, obviously linear independent. Thus there are o, 3 € C

From these calculations we also see that @ = 0 corresponds to the trivial extension.
The proof of uniqueness is finished. To prove existence, it is enough to check that the

relations (9)-(10) define a Lie algebra, which is easy.
The antilinear map w : Vir — Vir defined by requiring

w(d,) =d_,

w(c) =c

is an antilinear anti-involution on Vir. Indeed

w(dy),w(dy)] = [d_pn,d_p] = (= +m)d_p—p + 0_p.m 17

= - dfmn 5m—n
(m — n)d_(m+n) + Om, D

—nd+n

¢ =w([dmn,d,)).
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Contravariance of Hermitian forms on representations of Vir, and unitarity of the rep-
resentations will always be considered with respect to this w.
Note that Vir has the following triangular decomposition into Lie subalgebras:

n~=@PcCd_, h = Ce® Cdy n* =Epcd (17)
i=1 =1

3 Representations of Vir

3.1 Positive-energy and highest weight representations

Definition 4 (Positive-energy representation of Vir). Let = : Vir — gl(V') be a repre-
sentation of Vir in a linear space V such that

a) V admits a basis consisting of eigenvectors of 7(dy),
b) all eigenvalues of the basis vectors are non-negative, and
c¢) the eigenspaces of 7(dy) are finite-dimensional.

Then 7 is said to be a positive-energy representation of Vir.

Definition 5 (Highest weight representation of Vir). A representation of Vir in a linear
space V' is a highest weight representation if there is an element v € V' and two numbers
C,h € C, such that

cv = Cu, (18)
dov = hv, (19)
V =U(Vir)v = U(n")v, (20)
ntv = 0. (21)

The vector v is called a highest weight vector and (C, h) is the highest weight.

Remark 3. The second equality in condition (20) follows from (18), (19) and (21). To
see this, use the Poincaré-Birkhoff-Witt theorem:

U(Vir) = Un")UB)U(nT),
and write U(nT) = C- 1+ U(nT)nt. Then
U(Vir)y = UnHUMB)(C - 1+ UnT)nT)v = Un")U(h)v = U(n "),

where we used (21) in the second equality, and (18)-(19) in the last.
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Proposition 4. Any highest weight representation V- with highest weight (C, h) has the
decomposition

V=P Vi (22)

kEZZO

where Vi 4 is the (h + k)-eigenspace of dy spanned by vectors of the form
d—is---d—il(v) with O<i1§...§i5, Z1++25:]€

Proof. Using that [dy, -] is a derivation of U(Vir) we get
dod,is e d,il - d,is cee d,ildo == Z d*is cee d*im+1 [do, dfim]dfim—l cee d*il ==
m=1

= imd, . d, A d, o d =
m=1
=1+ ... +is)d i, ...d_. (23)
Therefore we have

dO(d—iS . d—il (U)) = (’Ll + ...+ is)d—is R d—il (U) + d—is c. d—ildO(U) =
= (/Ll + ...+ is -+ h)d,is .. .d,il('l}).

]

Proposition 5. An irreducible positive energy representation of Vir is a highest weight
representation.

Proof. Let Vir — gl(V') be an irreducible positive energy representation of Vir in a
linear space V', and let w € V be a nontrivial eigenvector for dy. Then dyw = Aw for
some A € Rsg. Now for any ¢t € Zsg and (ji,...,51) € Z' we have, using the same
calculation as in Proposition 4,

dod]’ c djlw = ()\ — (]t + ... _'_jl))djt . djlw.
Since V' is a positive energy representation, this shows that the set
M={jeZ|dj.. djws#0forsomet>0,(j,...,5)€Z with j, +...+ ji = j}

is bounded from above by A. It is also nonempty, because 0 € M. Let t > 0 and
(Jty -+, J1) € Z' with j, + ...+ j1 = max M be such that v = d;, ...djw # 0. Then

de = djdjt R djlw =0 for ] >0 (24)
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since otherwise 7 + max M = j+ j: + ...+ j1 € M, which is impossible. We also have
doU = dOdjt ce djlw = ()\ - (jt + ... +j1)>djt ces djlw = hv (25)

where we set h = XA — (j; + ... + j1). Using some argument involving restrictions to
eigenspaces, it can be shown using Schur’s Lemma that ¢ acts by some multiple C' € C
of the identity operator on V. In particular we have

cv = Cw. (26)
Consider the submodule V' of V' defined by
V' =U(Vir)v. (27)

It is nontrivial, since 0 # v € V’. Therefore, since V is irreducible, we must have
V = V’. Recalling Remark 3 and using (24)-(27), it now follows that V' is a highest
weight representation, and the proof is finished. O

Proposition 6. A unitary highest weight representation V' of Vir is irreducible.

Proof. If U is a subrepresentation of V, then V = U @ U+. Using the decomposition
(22) of V' and Lemma 1 we obtain

U=EUn Vi Ut =P U Vi

k>0 k>0

In particular, since V}, is one-dimensional and spanned by some nonzero highest weight
vector v, we have either v € U or v € U*. Thus either U =V or U = 0. O

3.2 Verma representations

Definition 6 (Verma representation of Vir). A highest weight representation M (C,h)
of Vir with highest weight vector v and highest weight (C,h) is called a Verma repre-
sentation if it satisfies the following universal property:

For any highest weight representation V' of Vir with heighest weight vector u and
highest weight (C,h), there exists a unique epimorphism ¢ : M(C,h) — V of Vir-
modules which maps v to w.

Proposition 7. For each C, h € C there exists a unique Verma representation M(C, h)
of Vir with highest weight (C,h). Furthermore, the map U(n~) — M(C,h) sending x
to xv is not only surjective, but also injective.
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Proof. To prove existence, let 1(C,h) denote the left ideal in U(Vir) generated by the
elements {d, | n > 0} U {dy — h - lywir), ¢ — C - Iywiry}, where lyviy is the identity
element in U(Vir). Form the linear space M (C, h) = U(Vir)/I(C,h), and define a map
7 : Vir — gl(M(C,h)) by

7(2)(u+ I(C, h)) = zu + I(C, h).

Then 7 is a representation of Vir. Furthermore, it is a highest weight representation of
Vir with highest weight vector v = Iy + I(C, k) and highest weight (C, h).

We now show that 7 is a Verma representation. Let p : Vir — gl(V) be any
highest weight representation with highest weight (C,h) and highest weight vector w.
By restricting the multiplication we can view U(Vir) as a left Vir-module. The action
of U(Vir) on V

a:U(Vir) =V

T — TU

then becomes a Vir-module homomorphism. We claim that a(I(C,h)) = 0. Indeed, it
is enough to check that the image under « of the generators d,,n > 0, do — h - Iyvir),
and ¢ — C' - 1yviy) of the left ideal are zero, and this follows since V' is a highest weight
representation of Vir with highest weight vector u and highest weight (C,h). Thus «
induces a Vir-module epimorphism ¢ : U(Vir)/I(C,h) = M(C,h) — V which clearly
maps v to u. This shows existence of the map .
Next we prove that there can exist at most one Vir-module epimorphism ¢ : M (C, h) —

V' which maps v to u. Since M (C, h) is a highest weight module, any element is a linear
combination of elements of the form

d_i,...d_y, +I(C,h),

where 7; > 0 and s > 0. We show by induction on s that ¢ is uniquely defined on each
such element. If s = 0, we must have ¢(lywiy + 1(C,h)) = ¢(v) = u. If s > 0 we have

p(d—i, ...d—iy + I(C, h)) = p(m(d—i)(d—s,_, ... dyy + I(C, h) =
= p(d—is)gp(d—isq s d—il + ](07 h))

since ¢ is a Vir-module homomorphism. By induction on s, ¢ is uniquely defined on
M(C,h). Consequently, 7 is a Verma representation.

Uniqueness of the Verma representaion M (C,h) is a standard exercise in abstract
nonsense. Injectivity of the map U(n~) 3 & — 7(z)(lywi) + 1(C,h)) = x + I(C,h)
follows from the Poincaré-Birkhoff-Witt theorem. [

In the rest of the article, v shall always denote a fixed choice of a nonzero highest
weight vector in M(C, h).
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Proposition 8. a) The Verma representation M(C,h) has the decomposition

M(C,h) = € M(C,h)nx (28)

kEZZO

where M(C, h)pir is the (b + k)-eigenspace of dy of dimension p(k) spanned by vectors
of the form

d_zgd_“(’U) with O<Z1§§23,Zl+—|—ls:k'

b) M(C,h) is indecomposable, i.e. we cannot find nontrivial subrepresentations Wy, Wy
of M(C, h) such that
M(C,h) =W & Ws.

c) M(C,h) has a unique mazimal proper subrepresentation J(C,h), and
V(C, h) =M(C,h)/J(C,h)
is the unique irreducible highest weight representation with highest weight (C, h).

Proof. Part (a) is a restatement of Proposition 4 for Verma modules. It remains to de-
termine the dimension of an eigenspace Vj, . of dy. Note that in a Verma representation,
the set of all the vectors

d_is...d_il(v), 25222121, Zl—|—+ls:k'

form a basis for Vj because a vanishing linear combination would contradict the in-
jectivity of the linear map U(n~) > z — zv € M(C, h). The number of such vectors are
precisely the number of partitions of k into positive integers.

For part b), assume that M (C,h) = Wy @ W, is a decomposition into subrepresen-
tations. Using Lemma 1 with g = Vir and h = Cdy and V = M(C,h) and U = W, and
U = W,, we would have

Wy =@ Wi N M(C, h)nk Wa = @ Wa N M(C, h)ns

k>0 k>0

respectively. Since dim M (C, h);, = 1, we have either M (C, h), C Wy or M(C, h), C Ws.
In the former case, v € W; which imply, since W; is a representation of Vir, that
M(C,h) = U(Vir)v C W;. In other words, Wy = M(C, h) and W5 = 0. The other case
is symmetric. Thus no nontrivial decompositions can exist.

To prove ¢), we observe from the proof of part b) that a subrepresentation of M (C, h)
is proper if and only if it does not contain the highest weight vector v. Thus if we form
the sum J(C, h) of all proper subrepresentations of M (C, h), it is itself a proper subrepre-
sentation of M(C,h). Clearly J(C,h) is maximal among all proper subrepresentations.
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It is also unique, because it contains and is contained in any other maximal proper
subrepresentation of M (C, h).

For the uniqueness of V(C, h), let V'(C, h) be any irreducible highest weight module
with the same highest weight (C, k). Then by definition of the Verma module there is
a submodule J'(C, h) of M(C,h) such that

V(C,h) = M(C,h)/J(C,h).
Since V'(C, h) is irreducible, J'(C, h) must be maximal and proper, and hence equal to
J(C,h). Thus V'(C,h) = V(C,h), and the proof is finished. O

3.3 Shapovalov’s form

Proposition 9. Let C.h € R. Then
a) there is a unique contravariant Hermitian form (-|-) on M(C,h) such that (v|v) =1,
b) the eigenspaces of dy are pairwise orthogonal with respect to this form,
c) J(C,h) =ker(:]-) ={u e M(C,h) | (ulw) =0 for allw € M(C,h)}.
The form is called Shapovalov’s form.

Proof. a) We first prove uniqueness of the form. The antilinear anti-involution w : Vir —
Vir defined in equations (15)-(16) extends uniquely to an antilinear anti-involution w :
U(Vir) — U(Vir) on the universal enveloping algebra as follows:

Wz ... xy) =w(@Tm) .. w(xg)
for elements z; € Vir. If z,y € U(Vir), then
(zvfyv) = (v|w(z)yv) (29)

since the form is contravariant.
The universal enveloping algebra U(Vir) of Vir has the following decomposition:

U(Vir) = (n~U(Vir) + UW(Vir)n™) & U(H).

Since b is commutative, we can identify U(h) with S(h), the symmetric algebra on the
vectorspace h = Cc @ Cdy. Let P : U(Vir) — S(h) = U(h) be the projection, and let
ec,ny + S(h) — C be the algebra homomorphism determined by

e(c,h)(c) = C e(c,h)(do) = h
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Then we have for = € U(Vir),
P(z)v = ecn)(P(x))v
Since M(C, h) is a highest weight representation, we have
{(v|n~U(Vir)v + U(Vir)nTo) = (nFo|U(Vir)v) + (v|U(Vir)nTv) = 0

Therefore
(zvlyv) = ([ (x)yv) = (V| P(@(2)y)v) = ecn (P@(2)y))- (30)

This shows that the form is unique, if it exists.
To show existence, we recall the construction of M(C,h) as a quotient of U(Vir) by
a left ideal I(C,h). Clearly P(n*) = P(n~) = 0, but we also have

ecn(Plc=C-1)=ecpnc=C-1)=C-C=0
ecen(P(do—h-1)) =ecn(do—h-1)=h—h=0
where 1 = 1y(viy). Note further that
P(ry) = P(zr)y  P(yx) = yP(z)
for x € U(Vir), y € U(h). Combining these observations we deduce
ey (P(x)) =0 for € I(C,h)orzew(l(Ch)). (31)

It is now clear that we may take (30) as the definition of the form, because if zv = z'v
and yv = y'v for some z, 2, y,y € U(Vir) then x — ',y — ' € I(C, h) so that

(f — 2" )vlyv) + (2'v|(y — y')v) =

=
= (@) (z = 2)vlv) + (v]@(@)(y —y)v) =
=0

(zv]yv) — (2'v|y'v)

It is easy to see that the form is Hermitian. Contravariance is also clear:

(zyvlav) = e (P(@(2y)2)) = e (PE(Y)E(x)2)) = (yvle(@)zv).

Finally, we have
(vlv) = ecm(P(1-1)) = 1,

which concludes the proof of part a).
b) If z € M(C,h)pix and y € M(C, h)pyy with k # 1 we have

(k= D{zly) = (b + F)zly) = (@|(h + Dy) = (doxly) — (x|doy) = (x|w(do)y — doy) = 0
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since w(dy) = dy, and therefore we must have (z|y) = 0.

c) It is easy to see, using contravariance of the form, that ker(-|-) is a Vir sub-
representation of M (C,h). Since (v|v) = 1, it is a proper subrepresentation. Hence
ker(-|-) C J(C,h).

Conversely, suppose z € U(Vir) is such that xv € J(C,h), but zv ¢ ker(-|-). Then
there is a y € U(Vir) such that

0 # (yvlav) = ecn (P(@(y)r)).

Since J(C,h) is a representation of Vir, we have found z = w(y)zv € J(C,h) with

a nonzero component in M(C,h), = Cv. Therefore, using Lemma 1, we must have
v € J(C,h). This contradicts J(C,h) # M(C,h) and the proof is finished. O

Corollary 10. IfC,h € R, then V(C,h)=M(C,h)/J(C,h) carries a unique contravariant
Hermitian form (-|-) such that (v+ J(C,h)|lv + J(C, h)) = 1.

From now on we will always assume that C,h € R so that the Shapovalov form is
always defined.

4 Unitarity and degeneracy of representations

The unique irreducible highest weight representation V(C, h) with highest weight (C, h)
is called a degenerate representation if V(C,h) # M(C,h). In this section we will
investigate for which highest weights (C, h) the representation V' (C,h) is degenerate.

We will also study unitary highest weight representations. From the preceeding
section we can draw some simple but important conclusions.

Proposition 11. There exists at most one unitary highest weight representation of Vir
for a given highest weight (C,h), namely V(C,h).

Proof. Use Proposition 6, and Proposition 8 part c). O

Thus to study unitary highest weight representations, it is enough to consider those
of the irreducible representations V' (C, h) which are unitary. This leads to the question:
For which highest weights (C, h) is V(C, h) unitary? We have the following preliminary
result.

Proposition 12. If V(C, h) is unitary, then C >0 and h > 0.
Proof. A necessary condition for unitarity of V(C,h) is that

Cn = (d_pv|d_,v) >0 for n > 0.
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Since the form is contravariant we have

3 3

nd—n n®—n
= 2nh
c)v) = 2nh + 3

C

cn = (v|dpd_pv) = (v|(d_ndn + 2ndy +

Since ¢; = 2h, we must have h > 0. Also, if n is sufficently large, ¢, has the same sign
as C', so C' > 0 is also necessary. O]

To give a more detailed answer, we consider the matrix S(C,h) of the Shapovalov
form on M(C, h).

S(C, h) = (<d7is Ce d,ilv\d,ﬁ ..

0l e lsy L)l e

Since M (C, h) is a direct sum of finite-dimensional pairwise orthogonal subspaces M (C, h)p 4y,
n > 0, the matrix S(C, h) is also a direct sum of matrices S, (C, h), n > 0, where S,,(C, h)
is the matrix of the Shapovalov form restricted to M(C\ h)pip.

Sn(C', h) = (<d,i5 Ce d,il’l)’d,jt c. d,ﬁv))(il 7777 i8),(j1eennjt ) EP () (32)
where P(n) denotes the set of all partitions of n. We now define
det,(C, h) = det S,,(C, h) (33)

A necessary and sufficient condition for the degeneracy of V/(C, h) is that J(C, h) # 0,
and this happens if and only if det,,(C,h) = 0 for some n > 0. If V(C,h) is unitary,
Sy (C, h) must be positive semi-definite for each n > 0, and thus det,(C,h) must be
non-negative for n > 0.

The following proposition shows that the representation theory for Vir is more in-
teresting than that of the Witt algebra.

Proposition 13 (Gomes). If C' = 0, the only unitary highest weight representation
with heighest weight (C, h) is the trivial one which satisfies w(d,,) = 0 for all n € Z.

Proof. Suppose V(0, h) is unitary, and let N € Z>q. Then it is necessary that Son (0, h)
is positive semi-definite. In particular the matrix

<d_2NU’d_2N’U> <d%NU|d_2NU> <34>
(d_anvld® yv)  (d2 yv]d? yv)

must be positive semi-definite. Since C' = 0 we have

(2N)3 — 2N

<d_2NU|d_2NU> = <U|(4Nd0 + 12

c)v) = 4Nh,
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(d2 yvld—anv) = (d_anvl|d2 yv) = (v]dond? yv) =
= (v|(3Ndyd_n +d_N3Ndy)v) =
=3N -2Nh =
= 6N>h,

(d? yv|d® yv) = {d_nv|(2Ndod_n + d_n2Ndy)v) =
= 2N (h+ N + h){d_yv|d_yv) =
= (4Nh +2N?).2Nh =
= 8N?h? + 4N>h.

Consequently the matrix (34) has the determinant
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(ANh)(8N?h* + 4N?) — (6N?h)? = 32N*h* + 16N*h? — 36 N*h* = AN®h*(8h — 5N),

which is negative for sufficently large N, unless h = 0. By uniqueness, V' (0,0) must be

the trivial one-dimensional representation.

]

Our next goal is to find a general formula for det,(C,h). For this we will need a

series of lemmas.

4.1 Some lemmas

The universal enveloping algebra U(n~) of n~ has a natural filtration

C
W(n™)mWn")a CUn gy for k1 € Zso

where

Un )p= > ()= > Cdy .. .dj.
0<r<k 0<r<k
ez >1

For simplicity we will also use the notation
Koy = W(Vir)n® + U(n™)s—1)do + U(n™) s—nyc + Un7) s for s > 1,

and we note that
Un )i K C Kirsy  fort>0,s>1,

K(s) g K(s+1) for s Z 1.
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Lemma 14. Let 1 > 1 and js, ..., 71 > 1 be integers, where s > 1. Then
did_j....d_j, € K (41)
Furthermore, if i & {j1,...,js}, then (41) can be replaced by the stronger conclusion
did_j, ...d_; € WVir)n™ + U(n™)(s—2)do + U(n ") s_2yc + UW(n ™)), (42)
where W(n™)_1) is to be interpreted as zero.

Proof. We mainly consider (41), the case (42) being analogous. We use induction on s.
If s =1, we have

i3 —i

did—j1 = d—jldi + (2 + jl)di—jl + 5i,—j1T

C.

Now d_; d; € UW(Vir)n™ and 0; _;, = 0 since 4,j; > 1. For the middle term (i + j;)d;—;,
there are three cases. First, if i < j, then (i+7j1)d;—;, € U(n™)a)y = U(n™)(s). Secondly,
if i > 71, then (i + j1)d;—j, € U(Vir)n™. Finally, if i = j; (this case does not occur when
proving (42)), then (i + ji)di—j, = (i + j1)do € U(n™)(0)do = U(n")(s-1)do-

For the induction step, first note that

did_j, ...d_j, =d_jdid_j, ,...d_j, +[d;j,d_;]d_j, ,...d_j.
Using the induction hypothesis and (39) we have
dj,did_j, .. .dj € Un")n) K1) © K.
Therefore it is enough to show that
(di,d_jJd—j,_, ...d_j € K. (43)

This is clear if i — j; < 0, since U(n™), € K. But (43) is also true if i — j, > 0, using

the induction hypothesis and (40). It remains to consider the case i = j, (this case does
not occur when proving (42)). Since [d;, d—;] = 2idy + 131—;’0, we get

i —

12

(divd_g)d_j,_, -.od_gy = QRido + - "¢)d . d_y, =
3 —1 .
= 12 d_js—l c. d_jlc + QZd_js_l c. d_jld()

+2i(js—1 + ... FJ1)d—j, ... d_y,.

Each of these terms belongs to the desired linear space K. O
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In the next lemmas, (-|-) will denote the Shapovalov form on M(C,h). We will fix
C € R, and consider an expression of the form

<d7i5 c. d,ilv\d,jt c dfj1'U>

as a polynomial in h. We will use the notation deg;, p for the degree of p as a polynomial

in h.

Lemma 15. Suppose we have some integers s,t > 1 and i_1,...,1; > 1. If v € K,
then
deg(d_;, ,...d_;,v|zv) < min{t,s}. (44)

Proof. To show (44), we use induction on t+s. If t +s = 2, then t = s = 1 and we have
v = adyv + Bev + (yd_ + §)v = (ah + BC + §)v + yd_v
for some «, 5,7,0 € C and k > 1. Thus
(v|zv) = ah + BC + 0.

The degree of this as a polynomial in A is less than or equal to 1 = min{¢, s}.
The induction step can be carried out by noting that zv is a linear combination of
elements of the form

wy, = d_kT71 c. d_kld(ﬂ) = hd_kT71 Ce d_klv,
Wy = d,]%ul Ce d,klcv = Cdfkr,l e d,klv,

W3 = d—sz c. d_klv,
where r < s. By Lemma 14 we have

d d,kr_l .. .d,kl € K(r—l) - K(s—l)

Tt—1

dit—ld_kr . d—kl & K(r) - K(s)

and therefore,
degy{d_i,_, - d_yolwr) = degy (A (d iy oodg0ldid g, dgyv)) <
<14 min{t —1,s — 1} < min{¢, s}
by the induction hypothesis. Similarly,

deg,, (d_i, , ...d_q|ws) = deg, ((J Ay, dogyolds, A, d_klv>> <

< min{t — 1,5 — 1} < min{¢t, s}
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Finally,

degh<d_z~t_1 Ce d—i1 |W3> = degh(d_it_z Ce d—ilv|dit_1d—kr e d_k1U> S
< min{t — 1, s} < min{t, s}

This proves the induction step. O
Corollary 16. Ifi;,...,i1 > 1 and js,...,j1 > 1, where s,t > 1, then

degp(d_;, ...d_;v|d_j, ...d_;v) < min{t,s}. (45)
Proof. Take v = d;,d_j, ...d_j, which is in K, by Lemma 14. O

We now consider the case s = t.
Lemma 17. Lett > 1 be an integer.
i) If iy > ... > 1 > 1 then
degy(d_;, ...d_jv|d_;, ...d_yv) =t. (46)
and the coefficient of h' is positive.
i) If i, >...> i >1and jy > ... > 51 > 1 but (ig,...,01) # (Jey .-, J1), then
degp(d_;, ...d_;v|d_j, ...d_jv) <t (47)

Proof. We show part i) by induction on ¢. For ¢ = 1 we have

i3 — iy i3 — i
dild_ilfU = QildQU + ! 1 Cv

cv = 29 hv +

and therefore

B — iy

12

i —
12

(d_svld_sv) = (W]dsd_s,v) = (v]2iho + L L00) = 2i,h + C

For the induction step, use the formula
t
did_i, . ..d_jv="> d_i...d [di,d_y]d_ .. .d_v
r=1
and note that i; — 7, > 0. We consider each term separately. If r is such that i, = 1,
then

d—it c. d—ir+1 [dit, d—ir]d—i,«_l Ce d_il’U =
i3 — i
12

= d—it e d—ir+1 (Qltdo + C) d—ir—l c. d_ilv =
— it
12

i3
= (2@t(h + ir—l +...+ Zl) + U C) d—it ce d—ir+1d—ir—1 ce d_ilv.
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Thus, using the induction hypothesis,
degh<d_it71 ce d_i1v|d_it ce d—ir+1[dit’ d—ir]d—ir71 c. d_i1U> =1+t—-1=1t

and the coefficient of h' is positive.
If r is such that 7, < #;, then by Lemma 14 we have

d—it e d_irJrl [diw d—ir]d—ir,l oo d—il c U(n_)(t_r)K(T_l) Q K(t—1)7
so it follows from Lemma 15 that
degh<d,it_1 . d,i1v|d,it . d*’ir-o-l [dit7 d*ir]d*ir—l .. d,ilv> < mln{t,t — 1} =t—1.

Thus such terms do not contribute to the highest power of h.

To show (47), we use induction on t. For t = 1 we have i; # j; so (d_;v|d_jv) =0,
since the eigenspaces of dy are pairwise orthogonal. For the induction step consider the
calculation

degh<d_it e d_ilv|d_jt ce d_jlv> =
t
= degy(d_j,_, ... d_s,v| Y d_j ...d_j, [di,d_j)d_;, ... .d_jv) <
p=1

S max {degh<d_it71 ce d—i1U’d—jt c. d—jp+1 [di“ d—jp]d—jp—l R d_j11)>}

1<p<t
For each p € {1,...,t} we consider three cases. First, if i; — j, < 0 then
Ao djypdiy, dgJd g, - dojy € UnT)e—pUn"))Un")p-1) € Ul )@
so that
deg,(d—;,_, ...d_yvld_j, ...d_j,  [di,d_j]d_;, ,...d_jv) <t—-1<t (48)
by Corollary 16. Secondly, if i, — j, > 0 then
dj, .. d_j,[diy,djJd_j, , .. .d_j, € Wn)—p Kp-1) C K1

by Lemma 14, and therefore (48) holds again, using Lemma 15. For the third case,
when i; — j, = 0, we have

d—jz e d—jp+1 [dit, d_jp]d_]‘p71 e d_jlv = )\d—jt P d—jp+1d—jp71 P d—j1v

3
23

where A = 2iy(h + jp,-1 + ...+ j1) + 1;”0. We claim now that

(it—lv cee ai1> 7& (jta cee 7jp+1ajp—1a s 7j1)' (49)
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Assume the contrary. Then in particular ¢, ; = j;, and since 5, > ... > j; and i; >
Co 20y, i = Jp We get

Jt 2 2 Jpr1 2 Jp = U 2 G—1 = Jt
Thus all inequalities must be equalities. Hence
Jpbl = U1 = o 2 1y = Jpii.
Again all inequalities must be equalities, and consequently
Je =1 Wwhenever k,1 > p.

In addition we assumed that iy = jj, for & < p. This contradicts (i, ...,41) # (e, - -5 J1)s
so (49) is true. Thus we can use the induction hypothesis to conclude that

degh<d,it71 R d,ilv|d,jt Ce d*ijrl [dim d*jp]d*jpfl R d,j1U> =
=1+ degh<d_it_1 R d_ilvld_jt e d—jp+1d—jp—1 Ce d_jIU> <14+ (t — 1) =t.
The proof is finished. O]

4.2 Kac determinant formula
If p and ¢ are two complex polynomials in h, we will write
p~q

if their highest degree terms coincide. In other words, p ~ ¢ if and only if deg, (p — q) <
min{deg, p,deg,, ¢}. It is easy to see that ~ is an equivalence relation on the set of
complex polynomials in h.

Proposition 18.

det,(Ch) ~ [ (deiv . doivlds, .. d_,v) (50)
1<ii <...<ig
i1+...+ie=n

Proof. Let P(n) denote the set of all partitions of n, and for i € P(n), let (i) denote
the length of i. For i = (iy,...,45),7 = (J1,-.-,Jt) € P(n), define

Aij = <d—is N d—h”’d—jt N d_jIU>

Then a standard formula for the determinant gives

det,(C,h) = Z (—1)%ne H Ao (i)- (51)

0ESP(n) t€P(n)
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We will show that the term with 0 = id has strictly higher h-degree than the other
terms in the sum. From Lemma 17 part i) follows that deg, A;; = £(i) for all i € P(n).
Therefore, we have

deg,, H Aios) = Z 0(1) when o = id. (52)
i€P(n 1€P(n)

It follows from Corollary 16 that

degy, Aio() < min{{(i), (o (i)},
for any o € Sp(,) and all i € P(n). Also, by trivial arithmetic,

min{¢(i),{(o(i))} < wa

so for any o € Sp(n), @ € P(n) it is true that

1)+ (@) 5

But when o # id, there is some j € P(n) such that o(j) # j. If (o(j)) # £(j), the
inequality (53) is strict for ¢ = j. On the other hand, if ¢(o(j)) = £(j), then we can use
Lemma 17 part ii) to obtain

(53)

deg, Aig(iy <

degy, Ajo(j) < €(j) = w

In either case we have _ '
—

Therefore, if we sum the inequalities (54) for all partitions ¢ # j, and add (55) to the
result we get

dogy T1 Ay = Y degy Ay < > D 5y )

1€P(n) 1€P(n) 1€P(n) i€P(n)

degy, Aja(j) <

when ¢ # id. In the last equality we used that o : P(n) — P(n) is a bijection. Hence,
combining (52) and (56) with (51), we obtain (50), which was to be proved. O

Lemma 19. Let k > 1 be an integer. Then

2 _
n 10)

(d,, d* )] = nkd" ! (n(k — 1) + 2dy + o

(57)

for alln € Z.



116 4 UNITARITY AND DEGENERACY OF REPRESENTATIONS

Proof. We use induction on k. For k = 1, we have

2_1 3 _
c):2nd0+n

nd®,, (n -0+ 2dy + = Be = [, doy). (58)

For the induction step, we assume that (57) holds for & = I. Then consider the following
calculations:

I+17 I+1 _ g+l
(dy, d7)] = dpd) — d5ld,
= (dnd",, — d" ,dy)d_, +d"

n( _d—"dn):
= [d,,d",)d_, +dl ldn, d_ ]:
2

3

= nld"! (n(l = 1) + 2do + — )d_n +d, (2ndy + = g
n2
-1
=nd",(In(l+1) + (I + 1)(2do + c)) =
n?—1
n(l +1)d", (nl 4 2dy + 7 c)
This shows the induction step. O]
Lemma 20. Let k > 1 be an integer. Then
21 21 21
(@ old® v) = klnF(2h+ ) (2h+ = C 4 n) .- (2h 4+~ ——=C+n(k—1))

for alln € Z.
Proof. We use induction on k. For k = 1, the right hand side of (59) equals

2 _ 3

1C+n(1—1)) —opp+ "

1! (2h + = C

while the left hand side is

(d_p|d_pv) = (v|d,d_pv) =
n3 —
= (v|(d_pd,, + 2ndy + 15 c)v) =

3_n
12
3

— (v](2nh + 2

C) =

:2hn+n

So (59) holds for k = 1.
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For the induction step, we suppose that (59) holds for £ = [. Then we have

<dl+1vldl+1 > < U|d dl+1 >

2 _
= (ol (A5 + (1 4+ 1) (4 20 + " 1c)>v> _

— Loyt ol o) =

2

=n(l+1)(nl+2h + t

2_1 2_1 2_1
—n(l+1)(nl +2h + ——=C) - Ink(2h + = 0)(2h+”12 Ctn)-...
2
-1
.(2h+”12 Ctn(l—1) =
21 21 21
—(+ )2+ S0 2h+ = C ) - (2h+ ——=C +nl)

where we used Lemma 19 in the second equality. This shows the induction step and the
proof is finished. O

Corollary 21.
(d* v|d* v) ~ k!(2nh)k

Lemma 22. Let iy,...,14s,J1,...Js € Lo, where i, # iy for p # q. Then

(2, d2 ol d o)~ (d ol d o) (d ol ). (60)
Proof. We use induction on », ji. If >, ji = 1, then we must have s = 1 so (60) is
trivial.
To carry out the induction step, we will use that
. . . . - . .
<CZJ_Z‘5 "‘d‘]—lilv|d‘]—’is ...dj_lil/l)> — <CZJ_Z‘5 ...d‘y_lil/v|d d] . djl >

s —ig —11
First we use the Leibniz rule to obtain
Js

& & .. & = <Zd75 [dis,d_is]dfi;j)dﬂsl A

1s " —1g —11 —l5—1 77,1

p=1
djfzsd@sdﬁ L=
j SR ) i3 — i
= <Z 225 (h + (p - 1)Zs + Js—1%s—1 + ... +]121) + T C)

dﬂs—ldfs ! d, v+ d”, d; A=y =

—lg—1 """ 1s ' —1g—1 " " —11

= (2i,jsh + A) - dﬂj;dﬂ_;sgl cd o dE dd L d

1s " —ts_1 —7,1



118 4 UNITARITY AND DEGENERACY OF REPRESENTATIONS

where A is a constant independent of h. Consequently

<dﬂ‘jis...dglvydfis...dﬂ'jilv)~2zsjsh<dﬂf—1 hoold A )

—is —i1

+(d" . d v|dé did7 LA ). (61)

s —1g 21

By the induction hypothesis,

2igjsh{d” . do T old A v) ~

—11

N2z8j3h<dgjv\dis;v>.(df's. ld=t vy (d o] d o) ~

—is_1

~ 2Zsjsh(]8 - 1)'(22 h)js_l <dj9 ' U|d]g ' > R <djlnv|d—l1 >

1s—1 —ls—1

~ (P, o|d o) L (d v]d ). (62)

—iq

where we used Corollary 21 two times. The result will now follow from (61)-(62) if we
can show that

degy (a7 .. dP, w|d®, di,d” ) < g g (63)

1s—1g_1

Since 5 # i, for p < s we have by Lemma 14 that

&, di 7 d € UVinnT + U(n T )goaydo + UnT ) gzye + UnT) g,

1s " —15_1

where k = j1 + ...+ js. If 2 € U(Vir)n™, then zv = 0. If € U(n™)—2), then

degh<dj_‘9i:1 Cd v|zdov) =1+ degh<d”f;1 . dj_lilv|a:v) <l+4+j14...4+Jjs— 2,

11

degh(djj’i_1 7 w|zev) = degh(djjizl . djjilv|xv) <j14...+7Js— 2,

—iq

by Corollary 16. Finally, if y € U(n™)), then

degy, (d” 1. d” vlyv) < i+ .+ s — L
again by Corollary 16. These inequalities finishes the proof of (63) and we are done. []
Lemma 23.

det,(C.h) ~ [] (d,vld vy,

r,8€2Z>0
1<rs<n

where m(r, s) is the number of partitions of n in which r appears exactly s times.

Proof. Use Proposition 18 and Lemma 22. O
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Proposition 24. For fized C, det,,(C, h) is a polynomial in h of degree

Z p(n —rs).

r,8€EZL>0
1<rs<n

The coefficient K of the highest power of h is given by

K= ] (@r)ysyme), (64)

r,8€E7L>0
1<rs<n

and m(r,s) can be calculated in terms of the partition function as follows:
m(r,s) =p(n—rs) —p(n —r(s+1)). (65)

Proof. We first show (65). It is easy to see that the number of partitions of n in which
r appears at least s times is p(n — rs). But the number of partitions in which r appears
exactly s times is equal to the number those which appears at least s times minus the
number of those that appears at least s + 1 times. Thus (65) is true.

From Lemma 23 and Corollary 21 follows that the coefficient of the highest power
of h is equal to (64) and that

deg;, det,,(C, h) = Z sm(r,s) =

,8€EZL>0
1<rs<n

[n/7]

= ZZ (n—rs) p(n—r(s+1))):
1<r<n s=1
[n/7]

= ZZ( n—rs) (5—1)-p(n—rs)—s-p(n—r(s+1))>:
[n/r]
= 30 3 (ptn—rs) = /) pln = (e + 1)) =

1<r<n s=1

= > pln—rs)

r,8€2Z>0
1<rs<n

O

Lemma 25. Let V' be a linear space of dimension n, and let A € End(V)[t]. Then
det A(t) is divisible by t*, where k is the dimension of ker A(0).
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Proof. Choose a basis {ey,...ex} for the subspace ker A(0) of V' and extend it to a basis
B ={ey,...ex exs1,...€,} for V. Write

where A; € End(V). Let My and M (t) be the matrices of Ay and A(t) respectively in
the basis B. Since Mye; = A(0)e; = 0 for 1 < i < k, the first k£ columns of M in the
basis {e1,...,e,} are zero, and therefore the first k columns of M (t) are divisible by ¢.
The result follows. O

Lemma 26. If det,(C,h) has a zero at h = hg, then det, (C, h) is divisible by
(h — ho)p(n—k)
where k is the smallest positive integer for which dety(C, h) vanishes at h = hy.
Proof. Set J,(C,h) = J(C,h) " M(C,h)psn = ker S, (C,h). For m > 1, we have
det,,(Cohg) =0 <= Jn(C, hy) #0.

Since dety(C, hg) = 0 we can thus pick u € Jix(C, hg), u # 0. This v must satisfy

d,u =0 for n >0,
since otherwise we would have for any w € M (C, hy),

(wldyu) = (d_,w|u) =0,
because u € J(C, hg). But 0 # d,u € M(C, ho)ngtk—n:
dodpu = [do, dp|u + dpdou = (hg + k — n)dyu

and this contradicts the minimality of k. Then U(Vir)u is a subrepresentation of
J(C, hg). The subspace U(Vir)u N M(C, h)piy is spanned by the elements

d_is"'d—i1u7 /L.SZ"‘/ilzly is+~'-+i1:n_k.

These are also linearly independent, since U(Vir) has no divizors of zero. Therefore
Jn(C, hg) has a subspace of dimension p(n — k), so S,,(C, hg) has a kernel of at least
dimension p(n — k). The result now follows from Lemma 25. O

We will need the following fact, which we will not prove.
Fact 27. det,,(C,h) has a zero at h = h, s(C), where

hro(C) = 4—18 (18 = O)(* + %) + V(T = 1)(C = ) (r2 — 5%) = 24rs 2+ 2C), (66)

for each pair (r,s) of positive integers such that 1 < rs < n.
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The following is the main theorem of this article.

Theorem 28 (Kac determinant formula).

deto(Ch) = K [ (h—hes(C)P), (67)
r,8SEL>0
1<rs<n

where

K= ] (@r)syme (68)

r,8€EZL>0
1<rs<n

and
m(r,s) =p(n —rs) —pn —r(s+1))

and h, s is given by (66).

Proof. From Fact 27 follows that det,,(C, h) has a zero at h = h, s(C) for each r, s € Z~
satisfying 1 < rs < n. Using Lemma 26 we deduce that det,(C,h) is divisible by
(h — h,.o(C))P"="%) for each r, s € Zso with 1 < rs < n. Hence det, (C, k) is divisible
by the right hand side of (67), as polynomials in h. But we know from Proposition 24
that the degree in h of the determinant det,(C,h) equals the degree in h of the right
hand side of (67), and that the coefficient of the highest power of h is given by (68).

Therefore equality holds in (67), and the proof is finished. O
If we set
¢rr(C) =h = hyr (C), (69)
and
ors(C) = (h = hrs(C))(h = s (C)), (70)

for r # s, then (67) can be written

det, (C,h) =K [ ers(CP" ). (71)

r,8€ZL>0
s<r
1<rs<n

We will also use the following notation

Qs = %((13 O)(r* 4 s*) —24rs — 2+ 2C) =
1 1 2, 2
Z(T - 5) 48(0 —1)(r°+ s —2), (72)

1 2
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Then
h'r,s = Qg + ﬁr,s-

Note that « is symmetric in its indices, and [ is antisymmetric. Therefore

Ors = (h—hps)(h — hy,) = h? — 20, sh + ais — 2 (74)

7,87

for r # s.

4.3 Consequences of the formula

Let us now return to the questions we asked at the beginning of Section 4.

Proposition 29. a) V(1,h) = M(1,h) if and only if h # m?/4 for all m € Z.
b) V(0,h) = M(0,h) if and only if h # (m* —1)/24 for all m € Z.

Proof. a) Putting C' =1 in (66) we get

1 2, 2 (r—s)?
h.s(1) = @(120 + 5%) — 24rs) = .
Thus, using (67) we obtain
(r—s)?
det,,( =K H )p(”*”).
7,8€72>0
1<rs<n

Therefore, det,, (1, 1) # 0 for all n € Z if and only if h # m?/4 for all m € Z.
b) When C' = 0 we obtain

1
hys(0) = 13 —(13(r* + %) +5(1* — §%) — 24rs — 2) =

9 +4s® —12rs —1

= o =

C Br—2s)2—1

B 24 '

Hence by formula (67) we have
(3r —2s)* —1
deta(0,) = K T (h— B2V Lo

r,8SEZL>0
1<rs<n

This shows that det,(0,2) # 0 for all n € Z if and only if h # (m? — 1)/24 for all
m € Z. [
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We need the following fact which we will not prove.
Fact 30. V (1,3) is unitary.
Then we have the following proposition.

Proposition 31. a) V(C,h) = M(C,h) for C > 1, h > 0.
b) V(C,h) is unitary for C > 1 and h > 0.

Proof. a) It will be enough to show that det,(C,h) > 0 for all C > 1,h > 0 and
n > 1. We prove in fact that each factor ¢, s of the product (71) is positive. For s =r,
1 <r <n we have

1 1
0rr(C) =h — 4—8((13 —)2r® —24r* —2+2C) = h+ 57(C— D(r* —1) >0,

if C' > 1and h > 0. For r # s we have
Pr.s = h2 - 2ar,sh + 047%73 - 53,5 =
1 1
=h*—=(r—s)’h+—(C—-1)(*+s—2)h

2 24
o ) = 2 (= 2O )7 4 = 2) 4 (€~ 1267 4 7~ 2P
(O (O =) - ) =
— (n- “”_43) >2+i(C—1)(r2+52—2)h
+ %82(0 —1*((r?+ 5" —2)* = (r* = 5°)?)
-1 24 212 1 2/ 2 2 _9)) —
(O =D (507 = = g = 9207 + 52 = 2) =
- (h—“"_;) ) +21—4(O—1)(r2+32—2)h
+ %82(0 —1)%(2r°s* — 4(r* + %) + 4 + 2r%57)
+9—16(C'—1)(T—s)2(7“2+2rs—|—32—r2—s2+2):
= (n- <7"_48> >2+i(0—1)(r2+s2—2)h
1 20,2 2
+ 112'48(0—1) (r? = 1)(s* — 1)

+ 4—8(0 —1)(r —s)*(rs + 1).
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This expression is strictly positive when C' > 1 and A > 0. Therefore, when C' > 1, h > 0,
we have det,, (C, h) > 0 for all n > 0, which proves part a).

b) Let C' > 1 and h > 0 be arbitrary. Since R>; x Rs( is pathwise connected, we
can choose a path 7 from (1,3) to (C, h), i.e. a continuous function

VI [0, ]_] — R21 X Rzo,

such that
p(0) =(1,3) and p(1)=(C,h).

Moreover, this path can be chosen so that the image of the open interval (0,1) is con-
tained in the open quadrant R.; X Ry.
Let n € Z>o, and let

q(x,t) = an(z)tP™ + ..+ ag(x) = det(S,(x(z)) — tI)

be the characteristic polynomial of S,,(7(z)), the matrix of the Shapovalov form at level
n on the Verma module with highest weight 7(z). Since S,(m(z)) is Hermitian, each
root of its characteristic equation is real. For x € [0,1], we denote the roots by A;(x),
j=1,...,p(n) such that

M(z) <00 < Mwy(x) forall z € [0,1].

By a theorem on roots of polynomial equations, the roots are continuous functions of
the coefficients. Thus, since the coefficients a; in this case depend continuously on x,
the roots Aj(x) of the characteristic equation of S, (7(x)) are continuous functions of
z € [0,1]. By the proof of part a) and the choice of 7, we have det (S, (7(z))) # 0 for
x € (0,1). By Proposition 29 part a) we also have det(S,(7(0))) = det(S,(1,3)) # 0,
since 3 # m?/4 for all integers m. Thus none of the roots \;(z) can be zero when z < 1.
From Fact 30 follows that A;(0) > 0 for j = 1,...,p(n), so using the intermediate value
theorem we obtain A\;(z) > 0 for j = 1,...,p(n) and = € [0,1). Hence \;(1) > 0 for
j=1,...,p(n). By spectral theory there is a unitary matrix U such that

U'Sa(m(1))U = U™'8,(m(1))U = diag(A;(1)),

which shows that S,(7(1)) = S,(C, k) is positive semi-definite for any n € Zsq. Thus
V(C,h) is unitary.
[

4.4 Calculations for n =3

In this section we calculate dets(C, h) first by hand, and then by using Kac determinant
formula.
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4.4.1 By hand
We have

<d,3U’d,3U> <d,3’0‘d,2d,1’0> <d,3U|d3_1U>
detg(C’, h) = <d,2d,1?}|d,31)> <d,2d,1U‘d,2d,1U> <d,2d,1’U|d31U>
(d2 vld_3v) (d2 vld_zd_1v) (d2 yvld?v)

We calculate the entries:

3 -3
12

(d_yv]d_sv) = (v](6do + ) =

= 6h +2C

<d,2d,1?}‘d,31)> = <d,10‘5d,1?}> =
= 10h

(d® v|d_sv) = (d* v|4d_sv) =
= 4<d,1?)|3d,1’l]> =
= 24h

23 — 2
<d,2d,1U|d,2d,1U> = <d,1’l)|(4d0 + 12 C)d,ﬂ) + d723d1’0> =

= (4(h+1) + C/2)2h =
=8h*+ (C +8)h

(A2 v|d_od_1v) = (d* 0|3d_1d_1v + d_s2dov) =
= 3(d_1v|2dpd_1v + d_12dyv) + 2h{d_1v|3d_1v) =
= 6(h + 1)2h + 6h - 2h + 6h - 2h =
= 36h% 4 12h

(d® v|d® v) = (d* v|2dyd® v + d_12dyd_1v + d* | 2dgv) =
=2(h+2+h+ 1+ h){d_1v|2dpd_1v + d_12dyv) =
=6(h+1)-2(h+1+4+h)-2h =
= 24h(2h* +3h + 1) =
= 48h* + T2h* + 24h
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Thus the determinant is equal to

6h + 20 10h 24h
dets(C,h) =| 10h  8h*+ (C +8)h 36h? + 12h =
24h 36h% + 12h 48R3 + T2h% + 24h
3h+C 10h 12h
= 48h2 5 8h+C+8 18h + 6 =
1 3h+1 2h2+3h+1

— 4812 (12h(15h + 5 — (8h + C + 8))

— (181 + 6)((3h + C)(3h + 1) — 10h)

+ (202 + 3h +1)((3h + C)(8h+ C +8) — 50h)) -
— 4812 (84h2 — (12C + 36)h

— (18h + 6)(9h* + (3C — T)h + C)

4 (2h + 3h + 1)(24h? + (11C — 26)h + C* + 80)) -
— 48K2 (84h2 — (12C + 36)h

— (162h* + (54C — 72)h* + (36C — 42)h + 6C)
+ 48h* + (22C + 20)h* + (202 + 49C — 54)h?
+ (3C* +35C — 26)h + C* +8C =

— 4812 (48h4 + (220 — 142)h° + (2C2 — 5C' + 102)h?

+(3C% —13C — 20)h + C* + 20). (75)

4.4.2 Using the formula

To use the determinant formula, we first calculate the coefficient K for n = 3. The
partitions of 3 are (3), (2,1) and (1,1,1). Thus

K=(2-D"DH"-((2-1)22)°-((2-2)"1D) - ((2-1)33)' - ((2-3)'1)! =
=2-4-8-6-6=48"

By (71) we now have
detg(C, h) = 48%0319027190371. (76)

First we have
©11(C) =h —h11(C) = h. (77)
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We will use the notation introduced in (73)-(72). Then
1 3 3 1

_ o1 _ 2y 2
Qo1 = 4(2 1) (C 1) 16 160’
10 25
2 2
021 = 1_620 BETET
9 26 25
2 9 o qyc—m)= 2o Bo B
Ba 482 (C=1)(C—2) 1620 1620+ 162
Hence, using (74),
1 5
©21(C) = h? (gC — g) —C (78)
Also,
8 7
=-(B3-12%—2(C—-1)=~—=
31 (3 ) 48 (O ) 6 O,
1 14 49
2 i 2 intial
1= 35¢ 36C 36’
64 26 25
2 il o 2 _ 2 = =
Therefore,
(C) —h2+(1(1— Z)h+10+2 (79)
Paal-) = 37 T3t Ty

Consequently, using (76) we have

1., 5 1 1., 7 1., 2
— 48212 (12 e - 2 e - .
det3(C, h) = 48°h* (h +( C 8)h+160)(h +(3C 3)h+30+3)

= 48h*(16h° + 2C —10)h + C)(30* + (C = Th +C +2) =
= 48h*(48h"* + (16C — 112 + 6C — 30)h°
+ (16C + 32 + 2C* — 14C — 10C + 70 + 3C)h?
+(2C% +4C —10C =20+ C* —=TC)h + C* + 2C) =
= 48h*(48h" + (22C — 142)h* + (2C* — 5C + 102)R°
+(3C? —13C — 20)h + C* + 2C).

(
This coincides with (75).

5 The centerless Ramond algebra

Let C[x,y, z] be the commutative associative algebra of polynomials in three indetermi-
nates x,y, z. Form the ideal I generated by the two elements zy — 1 and z2. Let

A=Clzx,y,z]/I
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denote the quotient algebra. We will denote the images of z, y, and z under the canonical
projection Clz,y, 2] — A by t, t7 and ¢ respectively. Then we have

th=t1t=1 e =0.

The algebra A can also be thought of as the tensor product algebra of C[t,¢!] with the
exterior algebra A(Ce) on a one-dimensional linear space.

We have a Z,-grading
A=Ay Ay, (80)

AZ‘A]' C Ai_;,_j, (81)

defined by
Ay =CJ[t, t71], Ay =C[t,t ']e.

Since A% = 0, A can also be thought of as a supercommutative algebra:
ab = (—=1)"lba  for a,b € AgU Ay,

where |a| € Z, denotes the degree of a homogenous element a € Ag U A;.
For n € Z we define the linear operators L,,, F,, on A by

a2 “de

d d
F, =it""te— 4 it"—.
e T e

More explicitly we can define these mappings by requiring
L, : tF — —kt"tF

Ln:tker—>(—k—E

2 )tn+k€7

and
F, o tF — ikt e,
F, : the — it"t*,
where 1 = /—1.

Proposition 32. For n € Z, L, is an even superderivation on A and F, is an odd
superderivation on A, in the sence that

Ly(ab) = Ly(a)b + aLy(b)
E,(ab) = F,(a)b+ (—=1)"aF, (b)

for homogenous a,b € A.
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Proof. A straightforward calculation yields

Ln<tktl) n(tkH) (—k l>tn+k+l T U FUS Ln<tk)tl + tkLn(tl>7
Lo (thet!) = L, (") = (—k — 1 — n/2)t" e = (—k — n/2)t" Fe 4! — the . 11" =
= L, (the)t" + t*eL, (1),
Lo(t*tle) = L,(t"e) = (=k — 1 — n/2)t"TFHe = —kt"™ . tle 47 . (=1 — n/2)t" e =
= Ln(tk)tle + %L, (te),
Ln(tFet'e) = L,(0) = 0 = (=k — n/2)t" e - tle 4 the - (=1 —n/2)t" e =
= L(t*e)t e—i—tkeL (t'e),
and
F,(t"") = F,(t"™) = i(k + D" e = ikt e ! 4 #% - ilt" e = F, (1) + tFF, (1),
F,(t*et

) (
N = F,(tFe) = it"™ T = 1"t — tke il e = B, (tFe)th — theF, (1Y),
) (tFHle) = it TR — k" Tre  tle 4 7 it T = B (tF)tle + tRF, (te),
) (0) = 0 = it"™ - t'e — the - it"™ = F, (t"e)tle — t*eF,(t'e).
O

The anticommutator [P, Q] of two linear operators P and @) on A is defined by
[P, Qly = PQ + QP.

Proposition 33. The operators L,, F}, satisfy the following commutation relations:
[Lim, Ln] = (m = 1) Linn,
(L ] = (0= ) Foen
[Fony Fole = 20000

Remark 4. This shows that L, and F,, generate a super Lie algebra. It is called the
centerless Ramond algebra.

Proof. We have

[Lmv Ln](tk) = (Lan - Lan)(tk) =
= Ly(—kt™™) — L, (—kt™") =
= —k(—n — k)" 4 k(—m — k)T =
= (m —n)(~R) =

= (m - n)Ln+m(tk>7
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and

[Lons Lal(#) = (LinLus — L) (t56) =
Ln((=k = n/2)t"™e) — L,((—k — m/2)t™ F¢) =
= (—k —n/2)(—n — k —m/2)t™ ke
— (=k —m/2)(—m — k —n/2)t" e =
= (nk +n%/2 — mk —m?/2)t"™ " e =
— (m = n)(—k — (m -+ n)/2)H e =
= (m = 1) Linyn(t"e).
Also,
(L, Fo] (tk) = (LnFy — Fan)(tk> =
= L, (ikt"*e) — F,(—=kt™tF) =
= ik(—n —k —m/2)t" " Re 4 ki(m + k)"t e =
= (m/2 — n)ikt™ " re =
— (m/2 = 1) Fyen(t"),
and
(L, F](t"€) = (L Fy — FoLi)(t'e) =
= Ly (it"™) — Fo((—k — m/2)t™ ) =
= —i(n 4+ E)t"F — (—k — m/2)it" TR =
= (m/2 — n)it™tk =
= (m/2 — n)Fm+n(tk)-
Finally we have,
[Fon, Fn]+(tk) = (Fn b + FnFm)(tk) -
= F(ikt" ™€) + F,(ikt™Fe) =
= k2R gtk —
= 2Lm+n(tk)a
and
[y, Byl (tR€) = (FuF, + F Fy)(tR) =
= Fp(it"*F) 4 F, (it ) =
= (n + k)" e + % (m + k)t R =
=2(—k — (m +n)/2)t™ e =
= 2L, 4 (tF).
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The proof is finished. O]
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