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Poisson-Galois Orders

Rational Galois orders

» h* >~ C" complex vector space; C[h*] = C[x1, ..., xn]

T ~ (C*)™ complex torus; C[T] = C[z,...,z5 | ~CZ™, m < n
> action of C[T] on C[h*] by Z™ — Autc(C[h*]), zi > x; = xj + 0
W < GL(H*) complex reflection group normalizing Z™

*
reg

A = (Clbyeg]#C[T]

r=C[p "
Hr={XeH|X>TCT}

Definition (Futorny-Ovsienko 2010; H* 2019)

A rational Galois order is a subalgebra A C . such that
(i) TCAC

(i) Clozg]" @r A= 4

complement of reflecting hyperplanes of W=27"xW
w
)7 zix; = (x5 + 0y)zi
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Poisson-Galois Orders

Examples
» %t is the maximal rational Galois order (the standard Galois order)
» U(gl,) (Futorny-Ovsienko 2010; Vishnyakova 2017)
» Generalized Weyl algebras (Futorny-Ovsienko 2010)
» Noncommutative Kleinian Singularities of type D, (H* 2027)
» Finite W-algebras of type A (Futorny-Molev-Ovsienko 2010)
» Coulomb branches (Webster 2019)
» Rational Cherednik Algebras (LePage, Webster 2019)
> U(s0,) = Clbje]#C[T], T ~ C[p*]" (Disch 2022)
> Uq(gl,,1) are Galois orders (Futorny-H* 2011, H* 2019)
> uquantum group U (s0,) < C[Hreg]#C[T], I ~ C[H]" (Disch 2022)
» g-OGZ algebras Ug(r) (conjecturally g-analogs of certain Coulomb

branches) are Galois orders (Mazorchuk 1999, H* 2016)
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Poisson-Galois Orders

Galois order realization of gl,
Let h = CSA of gly x gly x -+ x gl,,

T =torusin GLy x GLo x --- X GL,_1, W =5 x5 x ---

Futorny-Ovsienko (2010):
@ Ulal,) = (Cliegl#CIT]),

kil
1 (k1) — Xui) 11

ef s+ J zZ-
, Z ]._L J;él(XkJ in) ki

Ey — Zxk,- — Zxk_l’j -+ const.
i=1 j=1

Known property: <p‘zk : Zi ~ C[h3]Wr is the Harish-Chandra

homomorphism for gl,

Observation:

x S,

The map ¢ is C*-equivariant with natural actions on both sides.
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Poisson-Galois Orders

Deformation
U™gl,), [Ejj» Exiln = RlEjj, Ex).
> Ul(gl,) = U(gl,) for h # 0, via Ej — hE;
» U%gl,) = S(gl,) = C[gl%] Poisson algebra {Ejj, B} = %[E,-j, Euln

C* action on h* gives a deformation
% w
J{/h = (C[h][breg]#ﬁC[T])
where #;, refers to the deformed action
Zi D Xj = Xj + h(;,'j

By C*-equivariance, the map ¢ can be deformed into a map of
C[h]-algebras

o UM(al,) — (CIA ] #4CIT])
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Poisson-Galois Orders
Limitas h — 0
As h — 0 we obtain: ¢° : S(gl,) = C[gli] — £ where
* w
22 = (Clhieg] @ CIT]) [
:{fE(C[([]?egXT)/W] ’fl>0|_C|_} Zyj Do Xjj = Xjj
= {f S C[(h:eg X T)/W] ’ f Bieg/Wx{17} € C[h*/W]}

In other words, we have a pullback diagram

P —— C[(bjeg x T)/ W]
f’—>f|h?eg/wx{lT}l lfolh?eg/Wx{lT}

Clb*/W] —— Clbleg/ W]

reg

Furthermore, since % is commutative it is a Poisson algebra with

1
f.g} = lim [
{ ag} ﬁTOh[ ag]h

The nontrivial relation is: {zj, xi} = dwdjjzj;
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Poisson-Galois Orders

The Poisson Variety
X = Spec(#°) is an affine Poisson variety, and is the pushout

X = b*/Wh;‘cgu/W (hreg X T)/W

with pushout diagram

Dreg/ W — (breg x T)/W

reg

| |

/W — X
The maps
M — UMgl,) — (ClAIBgl#4CIT]) r — T"
compose to identity. Letting i — 0 and taking Spec yields
Cn(n+1)/2 v X — g[: N Cn(n+l)/2

also composing to identity, where the last map is the Kostant-Wallach map.
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Poisson-Galois Orders

Rational Poisson-Galois Orders

Put
> h*=C" T = (C")" W < GL(h*) as before
> I =C[p*/W]

> 40 =C[(hl x T)/W]

reg
> P ={fex|f bty /W {17} € Cl[o*/ W]}

Definition (H* 2022)

A rational Poisson-Galois order is a subalgebra A° C .# 9 such that
(i) Tc A c P

(ii) Clhieg/W]@r A = 20

Example
» %9 is the standard Poisson-Galois order.
» C[gl%] is a rational Poisson-Galois order via the map ¢°.
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Poisson-Galois Orders

Toy Example
h=C, T =C* W =S, acting by negation on h and inverse on T. Put
[ = C[x]" = C[x?]. Write C[h* x T] = C[x,z,z"]. In this case the
subalgebra
Jr C (C[x]#Clz, 271])52, zx = (x+ 1)z
is the spherical nilHecke algebra of S,, generated by
1 1
_ 2 _ Lt _ 1 -1
u=x v—2X(z z7%) w 2(z—}—z )
Then
Clu, v, w]
(w2 —uv2—1)
{v,u} =2w {w,u} =2uv {v,w} =12

and I = C[u] is a maximal Poisson-commutative subalgebra in A

1%

0 (Kleinian singularity of “type D;")

Remark
Every Kleinian singularity of types A, D, is a rational Poisson-Galois order.
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Galois Order Realizations via Zhelobenko Algebras

Multiplicity-Free Branching Rules

> g, =gl, orson

> ghDgn-1D--- D1

> g, gn_1 is multiplicity-free

> Vo =@D,,cpr V(An) sum of all fd irreps of g, (Gelfand model)
> Un = U(gn)v Zn = Z(Un)

Observe:

Homgn—1(vn—1v Vn)®an1Hoan—2(Vn—2v Vn—1)®2n72' ' '®22H0m91(\/17 V2)

1

P Homg, ,(V(An-1), V(An)@z,_,Homg, ,(V(An-2), V(An-1);

A1—= A== Ap

2z, 5" Oz, Homg1(v()‘1)a V(>‘2))

1%

Vi
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Galois Order Realizations via Zhelobenko Algebras

On the other hand

Homg, ,(Vo-1,Va) = €D Homg, o (V(An-1), V(An))
)\nfly)\n
B VO] = (Vo)
)\n—la)\n

gn =9, ®bh, g, triangular decomposition.

Conclusion

The direct sum V,, of all finite-dimensional irreducible representations of g,
can be factored as follows:

V, o Vgn 1 Vgn 2 \/QIr
n = ®z, 1 ®z,5 0 ®z V)

1
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Galois Order Realizations via Zhelobenko Algebras

Mickelsson's Step Algebra

(Mickelsson, van den Hombergh, Zhelobenko, Khoroshkin, Ogievetsky,...)
g C & reductive pair of fin-dim'l complex Lie algebras

g=g ®bdg" triangular decomposition

U=U(®)

I = Ug. left ideal

N = Ny(l)={ue U] IuC I} normalizer

S5(®,g) = N/I Mickelsson's step algebra (1973)

vVvyVvyvyYyvyy

Main Property

If Vis a &-module then V™ ={v e V |gTv =0} is an 5(&, g)-module.
(Indeed, if u € N, v € V* then gtuv C luv C Iv=Ugtv =0.)
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Galois Order Realizations via Zhelobenko Algebras

Action of Mickelsson Step Algebras on V/,

Let
Sn=5(9n,9n-1) ®z, 1 S(Gn-1,9n-2) Rz, , -+ Rz S(g2,091)

Recall
g1 g o Br
Vo= Vi ®Z,1 v, 1 ®z,, Bz V2

n

Observation
V, is a left S,-module.
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Galois Order Realizations via Zhelobenko Algebras

Conjecture (work in progress; known for gl,)

» V, is faithful as an S,-module.

» There exists an injective algebra map ¢ from U, into a localization
2K, of S, such that the diagram commutes:

v J’p

Sy "5 Ende(Va)

» The Weyl group W, x W,_1 x --- x Wy acts on 2K,,.
» Elements in the image of ¢ are W, x W,,_1 x --- x Wj-invariants.
> 2K, plays the role of C[hy.|#C[T].
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Conclusion

» The theory of rational Galois orders has a Poisson-algebra analog.

» We found an affine Poisson variety X which maps to gl related to the
complex GZ integrable system.

» This picture generalizes to other rational Galois orders (Type A finite
W-algebras, Coulomb branches, rational Cherednik algebras, ...):
X — Spec(gr A) — Spec(grT)

» (Conjectured) explanation of Galois orders that would enable so,
analogs of the above.

Thank you for your attention.
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