
Some Quantum Symmetries
of oath lgebras
Amrei Oswald

Joint with Ryan Kinser

Tuesday, November ,
2 2

Algebra and Geometry Seminar
Iowa State University



Out ine

• Background
Quivers ane path algebras
Opl agebras ane their actions

• Darametrication of Ug b actions on 2

• Bimocues in res Ug b

quivalence w category of representations of certain quivers
• aft

agebras

• Ug H2



Background
fi a f - a tied T

.
We assume e contains any necessary roots

of unity.

Jef: A quiver 2 2,2 ,
S , t consists of a finite set of vertices 2

,

a finite set of arrows 2
,
anc maps S, t: 2 2 giving the source

and target of each arrow resp
a

.

sa ta

he path algebra 2 is the associative algebra w basis consisting of all paths

ane multiplication of paths given by concatenation when possible left to right .

42 contains paths of length Zero at each vertex i , cenotec e; these are idempotent

Ote
,
2 is a semisimple algebra anc 2 is a 2 bimocule 2-

a
2

de- da a e-az unless ta
'

saz for a, .az E 2 ,

'

C- 2

representation of a quiver 2 is an assignment of a fin dim vector space ; to each vertex i C- 2

along with a linear map a
:
ta sa

to each arrow a C-2 . he linear maps go in the oooosite

Cir of the arrows so maps compose right to eft anc arrows mutiply left to right



Background
Def : - Hopf algebra is a e vector space with

• a multiplication map m: }a gebra structure
- a unit map u: e

- a Como tipication map
i { coagebra structure

> a counit map E: e

- an antipode S:

where E anc are algebra homomorphisms ie H is a bialgebra anc the following ciagrams commute

m
-

c
"

c m '

C
'

C

m m

associativity coassociativity etc



Background
Def: Given a oof algebra ano an algebra ,

a left opf action of on consists of

a left module structure on so that

a h. pg f. hi... - p hai -q p, g E ,
HE where h §hi, ha,;

b h . Eh hE

We say is a left mocule a yebra i.e
.

is an algebra in the tensor category rep

-

he category rep is an example of a tensor category abelian categoryw a tensor procucl , etc

We can cefine the notion of an algebra and a bimodule in a tensor category E

eg. an algebra is an object EC along w a mu tip ication map ME come ,
SL certain ciagrams commute

n a recent paper by tingof , inser, ano Wa ton they cevelop the notion of tensor algebras s

where S is an algebra in E anc is a bimocue in E



Background
a.moes: We omit the counit b/c checking the relevant conditions is straightforward .

Fi q C T { }
.
We will use the following opf algebras .

The quantize enveloping algebra of the Lie algebra b , Ug b is given by

generators , g, g-
with relations gg gg, g g g

ane comut
-cation g g g, g

f g is a primitive rth root of unity anc n E St rn
,

then the generalize Taft agebra is the opf quotient r,n Ug b
gu ,

r

f r n
,
we get the classical aft algebra n



Background
a.moes: 2 The quantize enveloping algebra of the Lie algebra slz is given by

generators , i i

-

with relations of
-2

'

q q q

a.no comultiplication
- I

f q is a primitive nth root of unity with n 2 anc n Occ ,

we have the small quantum group or Frobenius Lusztigkernel

Ug Selz Ug Sla
n n n

l l

Ote : We have isomorshisms of opf agebras

,

~

Uga b where g ' { analogues of Borel subalgebra's~

U -2b where g , §, q

Ug Sez has two subalgebra isomorphic to aft algebras



3.rametrization of ctions of Ug b ane Uqslz on 2

ote, we assume all actions of opfagebras on path agebras preserve the titration bypath ength

G g ,
fix GE - ⇐ 3

theorem: he following Cata determines a opt action of Ug b on 2

anc all such actions have this form
.

-

opt of Ug b on 2 ceterminec by

permutation action of G on 2

co ecton of scalars Xi iE2 so that Tgi g- Ji

where -ei Kei 8g.iegi i C-2

' '

representation of G on 2 St S g.a g.
sa ane t ga ta a C- 2

' ' ' linear encomorphism o: 2 2 2 2 so that

O o - 2

02 0 a esaoaegta AE 2

03
oga g-

'

g.oa
-

a C- 2

where -a Stad 8g- sa g- a 0 a



3.rametrization of ctions of Ug b ane Uqslz on 2

&MJC ! • . . . . . . . . . . . •

a g. a
G action on vertices

0 a

@ , , i , , , , , , , i ' ' ' ' ' i ' ' ' ' ' ⑨ , , i , , , , , , , i ⑨

'
. .

.
"

"
. .

"

"
, ,

"

"
" . . . . . . . .

. .
.
"
"

- d is a linear combination of the above

• . . . . . . . . . . . . G action On vertices

& dod# G "bit of 'X G orbit of 0 a

⑨ , , , , , , , , , , , , , , , , , , , , , , ⑨ ' ' ' ' ' ' ' ' ' ' " ⑨

'
. .

.
"

"
. .

"

"
, ,

"

"
" . . . . . . . .

. .
.
"
"

et 2
.
hen the arrow space ji : ei ej is the subspace of spanner by arrows w source i ane targetj.

iWe have the aecomposition n the ciagram above , the arrows represent arrow spaces.j
i,j

Note
, we have Lcm 2,4 4 copies of each arrow space

ane gcc 2,4 2 isomorphism c asses of arrow spaces



3.rametrization of ctions of Ug b ane Uqslz on 2

Corollary: f g is a primitive rth root of unity, then an action

of Ug b on 2 factors through r
,
n

he action on 2 factors through r,n

2 a C- 2
, Hagia Shad or a

3 gn acts as icenlity on all of 2



3.rametrization of ctions of Ug b ane Uqslz on 2

G

theorem: assuming G.i 2 - i C- 2
,
the following cata ceterminesafitezec opf act-oh of Ugslz on 2

ano a such actions have this form.

'

opf action of Ugslz on 2

A oermutation action of G on 2
.

2 collections of scalars Ji ies dhc Ji ies

as before w accitional relation 8i8i 9 " C- 2
z
2

q

- '

representation of G on 2 St s -a - sa ano t -a -ta

'' '

pair of linear encomorphisms O ane o as before so that Oo g20 o



B'moves in rep Ugb

Let S 2 anc 2 which is an S bimodule St 2~
s

With a grace Ug b action
,
S is an algebra in C : rep Ug b ano is an S bimooule in C

.

hen
, as in W

,
we call s a C tensor algebra

Def: s
is a minimal

,
faithful E tensor agebra if

is an incecomposable S bimocule in E anc

no two siceo iceal of S in C acts by on .

these are the
"

buildingblocks
"

of E tensor algebras .



B'moves in rep Ugb

o stucy minimal , faithful C tensor algebras , it is sufficient to consider

the case where S has two ince.composable summaries S
, anc Sz .

he Sincecompostable case is accressec by taking S, S2 .

We e amine S
, Sz bimooules in E.

M

or a positive integer m, let Sm be the vector space

with coordinate wise multiplication .

he set of Stanaarc basis vectors {e.e , . . . ,em,} gives a system

of primitive orthogonal icempotents
Define a G action on Sm by g-ei eiticmodm)

certify Sm with the path algebra of a quiver w/ m vertices ane no arrows.



B'moves in rep Ugb

'

positive integers m ane m! n Sm Sm' bimocule in rep Ug b is the path algebra of

a quiver of the followingform with a Ug b action
.

• . . . . .
M vertices

I
• . . . . . .

M
'

vertices

he action of
g gives l lcmm.vn

'

isomorphic copies of each arrow space,

ano there are a geo mini isomorphism types
of arrow spaces .

i

ach arrow space j is a representation of gl G

l M

j

'

e
ji where j

"

{ E ji ge . for }

he action of Ug b gives a map o w property 03 og g-
'

go

o ji C jiige

et 3 : category of Sm Sm. bimocues in res Ug b



B'moves in rep Ugb

Define a quiver 2 ql, c w votes set a anc arrows of ,j ,j a type

ane a oop at each verte j b type

he connected components of 2.gl , c have the form

of root
of unity: J J 3

a D a D a
0 a↳

. . . . . . . . .

l - l
q .

- i q ,

et p: lcmql , c

q root
of unity: o o o

D a 0 a a O§
] . • . . . •

g!
P- I

, 3 qlp-2 , z 2
"

a

Tql , c the quotient of 2 gfc by a reations of the form ba glab
N category of fin aim reps of Tql , c St the maps associated to b type oops are ni potent

map assignee to a ,j

Denote WEN by Wj , j ,Bj
vs assignee map assignee to b.j
to ij



B'moves in rep Ugb

theorem: he categories 3 anc N are equivaent .

-proof: We construct mutua y quasi inverse functors.

3 N: Given E3
,
let wx.jo ;

j
O
W
,

Wxj Wglxjti

Bj gl win;Wxj Way. is hi potent

N 3 : Given Wj , g.Bj EN

Let Dj
. . .
,.W .

anc ht ! Dj
Let G be the subalgebra generate by gl
hen G Tv E3

given a bimocvle structure e Ve; Wj
anc actions gl - w w B

,
w for WEW

,j

- gt w gtyjgt w 8 qgt
- '
w gt

'

g.
w for WEW

;



aft gebras

of primitive rth root of unity
-

quiver w vertices 5. i

wheeze 5 is an n l
th
root of unity ane IE c

w a type arrows ane connected components of the form

a a a
• • - - - • § ,

5.c 5.c 2

a

as long as m r or m
'
r

relations ar m r
,
m
'
r&

constant m r or m
'
r



Ug Slr

assume m
,
m
'
2 anc q primitive nth root of unity w n 2 anc h occ

Ctions parametrize by cata for the Borel subalgebras Ug b , Ug' b

we have two collections of scalars {8; } ane {8; } anc maps 0 ano o so that g20 O 00

Connected components of the quiver have the form:

with relations ab g-Aba Cb qube q'ac ca

example with long" ,c 3

actions that factor through vgslz :

a a a

with re ations g2ac ca
,
d
'

constant
, . . . . . .

-
C C

,c 2 C C ,

C
'
constant

a

C



Than
you !

Questions?


