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Introduction

Exact factorizations of fusion categories were studied by Shlomo
Gelaki in [3], in which exact factorizations were related to exact
sequences of fusion categories defined in [1]. We explore the
generalization of exact factorizations to finite tensor categories.
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k-linear Abelian Categories

By a k-linear abelian category, we mean a category C such that

C is additive (Hom sets are k-vector spaces), and

every morphism f : X → Y has a canonical decomposition

K → X → I → Y → C

We recall the usual definitions of subobject, quotient object,
subquotient object, simple object, semisimple object,
indecomposable object, exact sequence.
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Jordan-Hölder Series

An object X has finite length if there is a filtration

0 = X0 ⊂ X1 ⊂ · · · ⊂ Xn−1 ⊂ Xn = X

where Xi/Xi−1 is simple for all i .

If Y is simple, then the multiplicity of Y in X , denoted
[X : Y ], is the number of such subquotients isomorphic to Y .
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Projective Objects

Definition

Let C be an abelian category. An object P ∈ C is projective if
HomC(P,−) is exact. We have

X

f ����
P g

//

h
??

Y

Issac Odegard ISU

Exact Factorizations of Finite Tensor Categories



Introduction Tensor Categories Exact Factorizations of Finite Tensor Categories

Projective Covers

Definition

Let C be an abelian category. Let X ∈ C. Then a projective cover
of X is a pair (PC(X ), φC,X ) where PC(X ) is projective in C and
φC,X ∈ HomC(PC(X ),X ) is an epi, and we have

PC(X )
φC,X // // X

P

h

OOOO

g

<< <<
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Finite Abelian Categories

A k-linear abelian category C is finite if

1 C has finite dimensional spaces of morphisms,

2 every object of C has finite length,

3 every object of C has a projective cover, and

4 there are finitely many isomorphism classes of simple objects.

Example: The category of finite dimensional representations of a
finite dimensional algebra A
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Finite Abelian Categories

Let C be a finite k-linear abelian category. For any Y and simple
X , we have

dim HomC(P(X ),Y ) = [Y : X ]
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Deligne’s Tensor product

Let C,D be finite abelian categories. Deligne’s tensor product
C �D is an abelian k-linear category which is universal for the
functor assigning to every k-linear abelian category A, the category
of right exact in both variables bilinear bifunctors C × D → A.
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Monoidal Categories

A monoidal category is a quintuple (C,⊗, a, 1, ι) where

C is a category,

⊗ : C × C → C is a bifunctor,

aX ,Y ,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z ) is a natural
isomorphism (the associativity constraint),

1 ∈ C is the unit object, and

ι : 1⊗ 1→ 1 is an isomorphism,

such that the functors L1 : X 7→ 1⊗ X and R1 : X 7→ X ⊗ 1 are
equivalences, and such that
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Monoidal Categories

((W ⊗ X )⊗ Y )⊗ Z

aW ,X ,Y⊗IdZtt

aW⊗X ,Y ,Z

**
(W ⊗ (X ⊗ Y ))⊗ Z

aW ,X⊗Y ,Z

��

(W ⊗ X )⊗ (Y ⊗ Z )

aW ,X ,Y⊗Z

��
W ⊗ ((X ⊗ Y )⊗ Z )

IdW⊗aX ,Y ,Z //W ⊗ (X ⊗ (Y ⊗ Z ))
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Dual Objects

An object X ∗ ∈ C is a left dual of X if there exist morphisms
evX : X ∗ ⊗ X → 1 and coevX : 1→ X ⊗ X ∗ such that

X = 1⊗X coevX⊗Id−→ (X⊗X ∗)⊗X
aX ,X∗,X−→ X⊗(X ∗⊗X )

Id⊗evX−→ X⊗1 = X

and
X ∗ → X ∗ ⊗ (X ⊗ X ∗)→ (X ∗ ⊗ X )⊗ X ∗ → X ∗

are the identity morphisms. One defines right duals similarly.

We say C is rigid if left and right duals exist.
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Tensor Categories

Let k be an algebraically closed field. Let C be a finite k-linear
abelian rigid monoidal category.

C is a tensor category if ⊗ is bilinear on morphisms and
EndC(1) ∼= k

A tensor subcategory C ⊂ D of a tensor category D is a full
subcategory closed under subquotients, tensor products, and
duality

C is a fusion category if it is a semisimple finite tensor
category.

Example: Rep(H) where H is a finite dimensional Hopf algebra e.g.
H = k[G ].
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Grothendieck Ring

Let C be a finite tensor category. The Grothendieck ring of C,
denoted Gr(C), is the free abelian group generated by isomorphism
classes [Xi ] of simple objects in C where [X ] + [Y ] = [X ⊕ Y ] and
[X ][Y ] = [X ⊗ Y ]. For any X , we write

[X ] =
∑
i

[X : Xi ]Xi

Define K0(C) to be the free abelian group generated by
isomorphism classes of indecomposable projective objects of C.

Issac Odegard ISU

Exact Factorizations of Finite Tensor Categories



Introduction Tensor Categories Exact Factorizations of Finite Tensor Categories

Frobenius-Perron Dimension

The Frobenius-Perron dimension of an object X , denoted
FPdim(X ), is the maximal non-negative eigenvalue of the matrix
of left multiplication by X in Gr(C).

Example: Let C = Rep(H) for some finite dimensional Hopf
algebra H e.g. H = k[G ]. Then FPdim(X ) = dimk(X ) for
every X ∈ C.
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Properties of Projective Objects

Let C be a finite tensor category.

{Xi}i∈I be the simples with X0 = 1

Xi∗ = X ∗i , X∗i = ∗Xi

Pi = P(Xi )
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Properties of Projective Objects

The dual of a projective object is projective, so there is a map
D : I → I such that P∗i = PD(i). Then

dim HomC(P∗i ,Xj) = δD(i),j

We will also make use of the object 1D := XD(0).
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Properties of Projective Objects

The object RC =
∑

i FPdim(Xi )Pi ∈ K0(C)⊗Z R satisfies

ZRC = RCZ = FPdim(Z )RC

for all Z ∈ C.

FPdim(C) := FPdim(RC)
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Module Categories

Let (C,⊗, a,1, ι) be a tensor category. A left module category
over C is a k-linear abelian category M equipped with an action
bifunctor ⊗ : C ×M→M and a natural isomorphism

mX ,Y ,M : (X ⊗ Y )⊗M → X ⊗ (Y ⊗M)

such that M 7→ 1⊗M is an equivalence and a diagram is satisfied.

M is exact if P ⊗M is projective whenever P is projective.
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Exact Factorizations of Fusion Categories

Let B be a fusion category, and let A, C ⊆ B be fusion
subcategories of B. Let AC be the full abelian subcategory of B
spanned by direct summands in X ⊗ Y , where X ∈ A and Y ∈ C.
We say B factorizes into a product of A and C if B = AC, and this
factorization is exact if A ∩ C = Vec, and denote it by B = A • C.

Example: If B = Vec(G1) • Vec(G2), then B = Vec(G , ω)
where G = G1G2 and ω ∈ H3(G , k×) is trivial on G1 and G2.
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Research Problem

It was shown in [3] that the following are equivalent:

1 Every simple object of B can be uniquely expressed in the
form X ⊗ Y , where X ∈ A and Y ∈ C are simple objects

2 B = A • C (i.e. B = AC and A ∩ C = Vec)

3 FPdim(B) = FPdim(A)FPdim(C) and A ∩ C = Vec

What can be said about exact factorizations of finite tensor
categories which are not fusion?
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Exact Factorization of Finite Tensor Categories

Let B be a finite tensor category, and let A, C ⊆ B be tensor
subcategories of B. We note that B is naturally a left module
category over A� Cop.

Let AC be the indecomposable component of 1

We say B factorizes as AC if B = AC is exact over A� Cop

Further, if A ∩ C = Vec, then we say the factorization is exact
and write B = A • C
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Exact Factorizations of Finite Tensor Categories

Lemma

Let A, C be tensor subcategories of a finite tensor category B.
Suppose that A ∩ C = Vec. Let X ∈ Irr(A) and Y ∈ Irr(C). Then

dim HomB(PA(X ),PC(Y )) =

{
1 X = 1 and Y = 1D

0 else

Proof:

Let 0 6= f ∈ HomB(PA(X ),PC(Y )) and let Z = im(f )

Z ∈ A ∩ C
Z = 1⊕n
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Exact Factorizations of Finite Tensor Categories

PA(X )
f 6=0 //

i 6=0 ## ##

PC(Y )

1⊕n
- 
 j 6=0

;;

0 < dim HomA(PA(X ),1⊕n) = n[1 : X ]A = nδX ,1

X = 1

0 < dim HomC(1,PC(Y )) = dim HomC(PC(Y )∗,1) = [1D : Y ]

Y = 1D

Issac Odegard ISU

Exact Factorizations of Finite Tensor Categories



Introduction Tensor Categories Exact Factorizations of Finite Tensor Categories

Exact Factorizations of Finite Tensor Categories

PA(1)
f ,f ′ 6=0 //

i ,i ′ 6=0 "" ""

PC(1D)

1
- 


j ,j ′ 6=0

<<

The socle of P(1D) is 1, so n = 1.

dim HomB(PA(1),PC(1D)) = 1
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Exact Factorizations of Finite Tensor Categories

Proposition

Let A, C be tensor subcategories of a finite tensor category B.
Suppose that B = A • C. Then

FPdim(B) = FPdim(A)FPdim(C).

Proof:

RB =
∑

Z∈Irr(B) FPdim(Z )PB(Z )

There exists λ > 0 such that RARC = λRB

dim HomB(RB,1) = 1
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Exact Factorizations of Finite Tensor Categories

λ = dim HomB(λRB, 1)

= dim HomB(RARC , 1)

= dim HomB(RA,RC)

=
∑

X∈Irr(A),Y∈Irr(C)

FPdim(X )FPdim(Y ) dim HomB(PA(X ),PC(Y ))

= 1

where the last line follows from the lemma.
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Exact Factorizations of Finite Tensor Categories

Conjecture

Let A, C ⊆ B be tensor subcategories of a finite tensor category B.
Then the following are equivalent:

1 B = A • C
2 Every simple object Z ∈ Irr(B) can be uniquely expressed in

the form X ⊗ Y for some X ∈ Irr(A) and Y ∈ Irr(C), and also
PB(Z ) = PA(X )⊗ PC(Y )

3 FPdim(B) = FPdim(A)FPdim(C) and A ∩ C = Vec and B is
exact over A� Cop
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Exact Factorizations of Finite Tensor Categories

Questions?
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