



































































































































Koszul Algebras

Let A be a f g standard graded K algebra

not necessarily commutative

i.e A Ai Ao K A gen by
A as a

k algebra I cAo Ai AE Aaj

Set V A
Then all such A are graded

quotients of
the tensor algebra 1 V

o

i

If dim f n can identify TN K x xn

KEX

xn3ExamplesSymNlzcI.yYTx.yev Fixx EKG xD

Nv LV v Iver
K EX xn

th XiXjtXiXj7

A is quadratic if Ker T V 77A is generated

by elements in V V Examples See above

Given a quadratic algebra
A TMI its

quadretidual algebera A
TUMI where

It is gon by
elements orthogonal to Iz eV v

under the natural pairing

v Vz v Vit su V
t suavity






































































































































between V V a V V

Example Symes _auf

Nv Sym

Example Given any graded algebra
A the diagonal

subalgebra Extia kik E GA

is a quadratic algebra
dual to the

quadratic part of A HI qA
T

z

Det A is called Koszule if one of the

following equivalent
conditions holds

Extia kik 0 if cFj

Ext ICAAli is gem by
Ext'a kik

A is quadratic
and Extf kik EA

K has a linear free
resolution over A

Exyample A Sym V then the Kosal complex is

a linear free
resolution of K over A i.e

finite

o Nv't A 2
N V't A A'Iv't eA A






































































































































with differential remove ei

einen neg at Cnien renin ne xia

Moreexplicitly A KG xax K has free res

as A A
i e semen is

0 A Kosel

Example A ACU then the Certain Complex is a

linear free resolution of K over A i.e

infinite

SymeV't A
Sym A A

with differential

Xp Xk a
2 Xx Xing ekia

More explicitly A A ke Keatokes K has res

A A As A

ie NV isKosal

By above A Kosal A quadratic

The converse does not hold






































































































































Example R kfw.x.Y.ES w xiyiz xytxztxw

Res of K looks like

R

RED Re412 3 Rt 2 Rtn

2 nonlinear

3rd syzygies Rf j Raj

On the other hand there is no finite check for

Kosal property

ExampleCRoyostaas

Fix an integer r 22 Let

Q x y Z UNW

R
x Xy yet 2

2
zu uh w w xztrzw aw 2 Wtxut Cr 2 aw

Then K has an R linear resolution
for exactly

r steps so not Koszul but
difficult to check

New Construction C Seceleanu same thing for quadratic

Artinian Gorenstein rings

Some interesting examples problems






































































































































ConjectBolguad 1993

The coordinate ring of a smooth projective toric

variety is Kosal still open

e.g
Consider the 0th

Veronese embedding

p p aol.hmogoemiiadf.to

smooth
givenby

Cao an god go a and

all monomials in

degree d

The image has coordinate ring

A K x x x x K yo Minoo I

I has a quadratic GB hence

A is Koszol

On the other hand
the 3rd pinched

Veronese

has coordinate ring

KCx3iy x'z xy xE y y'z yE I he xy

This is a toric variety
I

but has an isolated singularity

It is Koszol Caviglia 2008 no known quad GB






































































































































Other examples

Segre Embeddings
1pm'xpmj pm

i

a an bi ibn l qb i ianbn

also smooth atoric

GrassMannians

The set of
dimensional subspaces in K has the

structure of an algebraic
variety Gren r

There is a standard embedding via Thicker
coordinates

Resulting coordinate ring
is Koszul not toric

Ltyperplane Arrangements

A set A Hi E E of central contains the

origin hyperplanes defines a
connected space

r IA whose cohomology ring is combinetorially

defined by the Orlik Solomon algebra

E exterior algebra on e es

J dei n aeip I codim Hi n nHip sp

i e Hitler A's e E EH

Thin Peeta A is supersolvable intersection lattice

h






































































































































is supersolvable 3 a Max chein Cst Amex chain c

Sublattice gen by Coc is
distributive iff

Ely has a quad GB

Example Braid Arrangement in E3
draw as lines in PE

O

16
25

Ly l E s f s

3

E csei.ez.ez.ey.es.eu
sO e.ezeddle.esed dlezeyed.d eseyes 7

CIL e eco

Seine e nesteines eines lineate res 7

I clearly quadratic bythm this
















is Kosal

Pointsint
Given Pi Ps Eph S K xo xD

write I ICR
each is a prime ideal gem

by n l lineer forms corresponding

to n I lin ind lines through

Pi

TimKempff If sezn and Pi IPs are in

linearly general position
then SCI is Koszol

do 3 on a line

Next time Focus on commutative case how to

showsojh.gs
isntKoszol



Talk 2 Commutative Koszul Algebras

R Ri standard graded commutative K algebra

9
Ro k RiRj C Rit R KCR 14 5 112 s

C homogeneous

R has minimal S free resolution
ideal

Fp
F FES

Fi jose j
B where

Stj i Si j Bij dimkToris Rik

Total Betti Number Bisch Bij dimkToris RK

Hilbert Function HFrli dimk Ri

2 Generating Functions

Hilbert series HSpltt EHF.li ti
dimkToriR kik

Poincare Series P ft E pick ti
20



Exampled R k.fi p
Hilbert series lt2t

Free Res of R over S KCx.yJ

O SGT SC z S

Note HSsltt fdimklkcx.is ti ft 1 ti

Citi ti

So Hsplt HSstt 3HSs t E 2 HS ft t

1t2tt3t't 3 t72t73t4t 2 t3t2t4t3t5

I t2t

Resolution of K over R

RC 338 RC44 Re D2 R

Poincare Series Patt lt2tt4Et8t3t



E Ziti
c ZO

Fo Gtf

I
l 2 t

I
HS.tt

This is not a coincidence

Thm Froberg 1999 If R is Kosal then

Pelt
1

HS ft

Can sometimes use this to show a particular

algebra is not Kozol

Exampled Same as talk l

R K w.x.kz w3x y z7 ytztw

Easy to check HSpCH It 4tt5t7t



µ
It 4ft Ht't t It test

g
This can't be Kosal If it were

174 dimkTorick K which is impossible

2 more invariants Fix a fog graded R module M

pdp.CM maxEiIBiRCMHo3

maxEilTorECM.k to

length of resolution of M

reg M Max Ej Bijan 03

Max Ej Tori MK 03

Bettitable Notation

2 i

Pdr M

0 Boo Bu Bu Bei
l Bo Bi B

O
l

i i

j Bg Bi its



F
regCM

O

Thm Auslander Buchsbaum Serre

1 FAE

pop soo tf fig R modole M

pop K soo

R is a polynomial ring

ThmCAuramou EisenbudPeevalf
regpCM soo Ffg R module M

regrckl so

R is Kosel equiv reglk
o

So how do we show a given ring

is or isn't Koszol

TI Kosal I gen by quadrics

If I is ga by monomials of degree 2



then is Kosal

Fact Fix a monomial order write In I for

the initial ideal

In I In ff FEI

Set R SII A Stench

Then Bij k I Bijack

So if I has a quadratic Gribnerbasis

In I is a quadratic monomial
ideel By

Bij k 0 for i j

BRICK o for i j

R is Kosal

There are Koszol Algebras St sit I

has no quadratic GB w r t any monomial

order

If I is generated by a regular sequence

of quadrics fi ift then RHI is Koszol

ice fi is a nzd on f fi c fi

Tate showed the minimal free res of K over R



is obtained by appending degree 2 terms to the

Kosal complex on xn to kill It k.CI

If I is generated by quadrics and has linear

free resolution over S then is Koszol

If all else fails try a filtration argument

Det A Koszul filtration of a K algebra R is

a set of of ideals of R Sto

Every ideal IEF is generated by linearforms

O Mr C A

H OEI c F F J EF such that

JCI
is cyclic

Ann J I c F

Thincconca Trong Valla

If R has a Kosal filtration R is Koszol

Exampley R K aib.c.DZ Cac ad ab bd a2tbc b2

F Carb c d a c d c d a c c Ca o



is a Kosal filtration since

a c d a b c d a b c d

c d Ca c d a b c d

c c d a c

c a c a c d

0 a qd
0 Cc a

I 4 I The colon ideel is

This ideal has another ideel in F

1 fewer
Each element in f

generator appears once

so

is
This is a Kosal filtration

cyclic
Hence R is Koszol

However the Hilbert series of R is

Sp ft
I 2T 2tZ2t3t2ty

2

One checks by exhaustive
but finite search

that no degree two monomial ideel has

this Hilbert series Since

dim.ec i dimkC4In.cDi



I cannot have a quadratic GB w.it

and order


