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Definition 3.3.1. A Lie algebra is a pair (g,[, |) such that [-,-] :gx g — gisa

bilinear product (called the Lie bracket) on g and the following properties hold for all

vectors z,y,z € g. W(@‘%;— |
L -
[z,y] = —[y,:z;].<=> Y,x)ﬂ: 0 ) (L\X%W}(N\\T

(3.4)

(3.5) 2.1y 2) = [l ol 2 + [ o 2l W
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Name Notation Defining Condition
Special SL(C") | SL(n) Preserves oriented det(A) =1
linear volume
group
Symplectic || Sp(C?")| Sp(2n) || Preserves symplectic | AT Jskew A = Jskew Jgkew — { i I"] dim(V) = 2n, I, the n x n identity matrix
~L| o
group form
Orthogonal || O(C™) | O(n) Preserves AT Jsym A = Jsym
group nonsingular Jovm — 0| ] dim(V) = 2n, and
quadratic form | In | O
Preserves AT Jsvm A = Jsym 1100
nemsingular Jomti =1 01]0 |1, |,dim(V)=2n+1

Special or- ol o
fhogonil quadratic form

SO(C™)| SO(n) || and oriented volume det(A) =1
group
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Peter J. Olver

Applications
of Lie Groups
to Differential
Equations
Second Edition
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Definition 3.3.21. The symplectic Lie algebra sp(2n) C gl(2n) is the set of 2n x 2n

matrices M such that Js@M + M7 Jskew = (0. We can express each element M of

sp(2n) as a block matrix with n x n matrices A, B, C:
Al B
M =
C|-AT

(_PD) C . 37(“\\“\@3\1&\@ \‘\césf\ce_,g

L.'w 2“\'3&

(v, B )=
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Definition 3.3.22. The orthogonal Lie algebra so(2n) C gl(2n) is the set of 2n x 2n

matrices M such that J;"" M + MT J;¥™ = 0. We can express each element of s0(2n)

as a block matrix with n x n matrices A, B, C"

A B
M =
C|-AT

where B and C' are skew-symmetric matrices.
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Definition 3.3.23. The orthogonal Lie algebra so(2n+ 1) C gl(n + 1) is the set of

(2n+1) x (2n + 1) matrices M such that J3¥'"\ M + MTJ;V"", = 0. For completeness,

50(1) = 0. We can express each element M of so(2n + 1) as a block matrix with

n x n matrices A, B,C and 1 X n row vectors r, s:

0 r s
M= _g Al B |-
-7 C| D

where B and C are skew-symmetric matrices
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