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The group mentioned in the title is shown to be a certain infinitely generated 
Coxeter group extended by the negative of the identity operation and the group of 
all automorphisms of the notorious Leech lattice. 

Let IF?“,’ denote the (n + I)-dimensional real vector space of vectors 
x = (x, ) xz )...) x,1x0) equipped with the Lorentzian norm 

N(x)=x:+x;+ . . . +x:,-x;. 

For all n > 1 there is a unique odd (or Type I) unimodular lattice I,,, in 
“*I, which can be taken to be the set of points x for which all xi are in Z 

;h e integers). In a series of papers Vinberg, and Vinberg and Kaplinskaja 
[3-61 have shown that the reflection subgroup of Aut(I,,,) has finite index 
only if n < 19, and have given Coxeter graphs for the reflection subgroups in 
these cases. 

When n s 1 (modulo g), there is a second unimodular lattice in I?“*‘, 
namely, the even (or Type II) lattice II,,, , which can be taken to be the set 
of x for which the xi are all in Z or all in L + f and which have integer inner 
product with the vector 

(f, 4 )...) f I$). 

In [5] Vinberg has also shown that the reflection subgroups of Aut(II,,,) and 
Aut(II,,,,) have finite index and are described by the Coxeter graphs shown 
in Figs. 1 and 2. 

As is customary, we define a root for a lattice L to be a vector r of 
positive norm for which the associated reflection 

x.r 
x-x-2-r 

r.r 
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FIG. 1. The Coxeter graph for II,,, The points are: i:(O'. +I.-I.O'-'IO). for O<iQ7: 

8: ((f)'lf): 9:(-1*.0'10). 

is a symmetry of L. If L is integral and unimodular the roots are just the 
vectors of norms 1 and 2 in L. Now the vectors of positive time coordinate 
X, and negative or zero norm in a Lorentzian space, taken modulo positive 
scalar factors, become the ordinary and ideal points. respectively, of the 
associated hyperbolic space. The symmetry group of the hyperbolic space 
can be identified with the autochronous symmetries of the Lorentzian space 
(those symmetries not interchanging the positive and negative time cones). 
The full group of symmetries of the Lorentzian space is just the 
autochronous subgroup extended by the negative of the identity operation. 

If L is a Euclidean or Lorentzian lattice, the reflecting hyperplanes 
corresponding to all the roots of L partition the corresponding Euclidean or 
hyperbolic space into fundamental regions. The roots corresponding to the 
walls of any one fundamental region are a set of fundamental roots, for 
which the corresponding reflections generate the smallest group containing 
all reflections in L. The latter group we call the reflection group of L. 

In this paper we prove the following theorem. 

THEOREM. For n=9,17,25 there are respectively 10, 19. co 
fundamental roots for II,,. , , which can be taken to be the vectors r with 

r E II,.,. r. r=2, r . w,, = - 1, (“1 

where 

wg = (0, l,..., 8 138). N(w,) = - 1240, 

12’ ,, = (0, 1 a..., 16146). N(w’,,) = -620, 

M’ 25 = (0, l,..., 24 170). N(w25) = 0. 
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FIG. 2. The Coxeter graph for II,,.,. The points are: i: (0’. +I. -1. 0“ ‘IO). for 
O<i< 15: 16: c-f. ({)'"I;); 17: (-1'.0"10): 18:(0". 1'1 I). 
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The group of all autochronous automorphisms of II,,;, is the Coxeter group 
generated by the corresponding rejlections, extended b)T 

for n = 9, the triuial group, 

for n = 17, a group of order 2, or 

for n = 25, an inJinite group abstractly isomorphic to the group *co of 
all automorphisms of the Leech lattice (including translations). 

The corresponding Coxeter graphs are displayed for n = 9 in Fig. 1 and for 
n = 1 I in Fig. 2. For n = 25, a portion of the graph is shown in Fig. 3. The 
full graph has one node for each Leech lattice vector and (using Vinberg’s 
conventions) two nodes r, s are joined bJ1 

no line zf N(r - s) = 4, 

an ordinary line if N(r - s) = 6, 

a heavy line if N(r - s) = 8, or 

a broken line tf N(r - s) > 10. 

Proof. It is easy to check that for n = 9 and 17 all r satisfying the 
conditions (*) are displayed in Figs. 1 and 2. Since the graphs of these 
figures agree with those given by Vinberg [.5, p. 3471, the assertion of the 
theorem holds for n = 9 and 17. 

For n = 25 it was pointed out in [2] that there is a one-to-one correspon- 
dence between the points of the Leech lattice and the vectors r satisfying (*). 

FE. 3. (Taken from 121). A portion of the Coxeter graph for IIzs,, The points are: i: 
(0’. +I, -1, 0”-‘IO), for O<i< 23; 24: (-f. (f)“. ;I$); 2.5: (-l?,Oz’IO); 26: (O’, llx/4): 
27: ((d)“, (;)“I?); 28: ((+)“, (;)“I;); 29: (0”. 1’1 1): 30: (0’. I”‘. 2L16); 31: (0”‘. 
1 I’, 214); 32: (0’. 1 ‘I, 2’“/7); 33: ((;,‘, ($I”, (+)‘I+): 34: (0”. 1”13). 
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which we propose to call Leech roots. Indeed this correspondence is an 
isometry for the metric defined by 

d(r. s)’ = N(r - s). 

The assertion of the theorem will therefore follow if we can show that the 
Leech roots are precisely the fundamental roots for IIZ5., since they have the 
joins and symmetries indicated in the statement of the theorem. 

We show this using the algorithm described by Vinberg for finding the 
fundamental roots for any discrete hyperbolic reflection group [5 1. We take 
Vinberg’s vector x,, to be w15 (which satisfies his conditions), and define the 
height of a vector r to be h(r) = -r . wz5. The algorithm then proceeds as 
follows. The vectors in IIZr., of norm 1 or 2 (for us, only norm 2) and 
positive height are enumerated in increasing order of height . norm ’ ’ (for 
us, in order of height). Vectors of height zero have norm at least 4. by the 
result of [2], and so need not be considered in our case. (In more general 
cases such vectors require special treatment when starting the algorithm.) A 
vector is rejected by the algorithm if it has strictly positive inner product 
with any previously accepted vector; otherwise it is accepted as a 
fundamental root. It is not necessary to test the condition between vectors of 
the same height. 

It is clear that in our case all vectors of height 1 and norm 2 are accepted. 
We shall show that every other norm 2 candidate x is rejected. 

Let h(x) = h, and define tl =x/h. Then P lies in the affine hyperplane of 
height 1 vectors and so by [2] specifies a point in the rational 24. 
dimensional space of the Leech lattice. By [ I] there is a Leech lattice vector 
r. which we can regard as a Leech root, such that N(s - r) < 2. Thus 

2 2 
h’ h 

s.r+2<2 

or 

1 
x-r>--, 

h 

showing that x is rejected. 

Remarks. (1) Several alternative proofs are known, all of which. 
however, depend on the main theorem of [ 11. Since that theorem has only 
been proved by laborious calculations, it would be desirable to find a simpler 
proof. 

(2) It can be shown that for n = 33,41,... there is no vector it’,, having 
constant inner product with the fundamental roots for II,. , . 
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(3) The group .co of graph automorphisms acts transitively on the 
fundamental roots! Compare II,, , , where the graph has no (nontrivial) 
automorphism, and II,,, , , where the automorphism group has order 2. I do 
not know whether the group is transitive for any of II>,,, ,.... 

(4) Is there any connection with the Fischer-Griess Monster group? 
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