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b = h⊕
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Affine Lie algebras

Integrability replaces locally finite

Proposition (Chari–Pressley, 2001)

Let V be an integrable U(g[t , t−1])-module generated by a
non-zero element v ∈ V +

λ . Then V is a quotient of W (λ).
Let V be finite-dimensional U(g)-module generated by a
vector v ∈ V +

λ and such that dim Vλ = 1. Then V is a
quotient of W (π)

W (λ) is a (U(g[t , t−1]),Aλ)-bimodule
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Global Weyl module, W (λ), is cyclic generated by wλ with
the relations

h.wλ = λ(h)wλ, n+[t , t−1].wλ = 0, (x−
i ⊗ 1)λ(hi )+1.wλ = 0

Projective module, not projective as an Aλ-module
Local Weyl modules, W (π), for twisted loop algebras were
studied by Chari, Fourier, Senesi (2007)
Global Weyl modules, W (λ), for twisted loop algebras
were studied by Fourier, Manning, Senesi (2011)
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Notation

g simply laced of type A2n−1,Dn or E6

δ basic imaginary root

If α ∈ Φ+, then we can write α =
∑
i∈I

riαi where ri ∈ Z+

Define ai (α) = ri

Current algebra g[t ] := g⊗C C[t ]

σ Dynkin diagram automorphism order k

ξ a kth root of unity
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Maximal parabolic

g =
k−1⊕
s=0

gs, g0 is simple, and gs are irreducible g0-modules

For D4, g1 ' g2 and for m 6= 0, gm ' V (θs)

Define σ : C[t ]→ C[t ] by σ(f (t)) = f (ξ−1t)

g[t ]σ =
k⊕

s=1

gs ⊗ tsC[tk ]

{x±i : 1 ≤ i ≤ n0} ∈ ∆0 and x±0 ∈ V (θs)

Similarly, define P+
0
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Realization of Maximal Parabolic
Global Weyl Module
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Realization

Kac–Moody Realization

ĝ =< ei , fi : 0 ≤ i ≤ n >/ rel’ns g[t , t−1]σ ⊕ Cc ⊕ Cd

g̃ = [ĝ, ĝ]/Cc Let η be a aj(δ) · k th root of unity

Maximal parabolic: p̃j τ : gσ ' gσ by x±i 7→ η±δi,j x±i
gr(ej) = 1 τ : C[t ] ' C[t ] by f (t) 7→ f (η−1t)

p̃j ' subalgebra of g[t , t−1]σ ' g[t ]στ

Pick j such that aj(δ) > 1
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ĝ =< ei , fi : 0 ≤ i ≤ n >/ rel’ns g[t , t−1]σ ⊕ Cc ⊕ Cd
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gr(ej) = 1 τ : C[t ] ' C[t ] by f (t) 7→ f (η−1t)

p̃j ' subalgebra of g[t , t−1]σ ' g[t ]στ

Pick j such that aj(δ) > 1

Matthew Lee Global Weyl modules



Motivation
Background

Realization of Maximal Parabolic
Global Weyl Module

Aλ

Realization

Kac–Moody Realization
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Global Weyl Module

For λ ∈ P+
0 , W (λ) is generated by wλ with relations:

h.wλ = λ(h)wλ n+[t ]στ .wλ = 0, (x−i ⊗ 1)λ(hi )+1.wλ = 0.

W (λ) is a Z+-graded g[t ]στ -module.

W (λ) is irreducible iff λ(h0) = 0 or λ(hi) = 0 ∀i ∈ I \{j}
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Aλ

For λ ∈ P+
0 , W (λ) is a (U(g[t ]στ ),Aλ)-bimodule.

Aλ = U(h[t ]στ )/AnnU(h[t]στ )wλ

To better description of W (λ) we need to describe Aλ

Define Pi,r by
(x+

i ⊗ t)(r)(x−
i ⊗ 1)(r).wλ = Pi,r .wλ

The {Pi,r} also satisfy: Pi,0 = 1,

Pi,r = −1
r

r∑
p=1

[(
k−1∑
ε=0

hi,ε ⊗ tpk−ε

)
Pi,r−p

]
, r ≥ 1.
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Aλ

Aλ/ Jac(Aλ):

Generators: {Pi,ri : ri ≤ min{λ(hi ), λ(h0)}}

Relations: P1,r1 · · ·Pn,rn .wλ = 0 for
n∑

i=1

ai (α0)ri ≥ λ(h0) + 1

If g is of type Dn, n 6= 4, then Jac(Aλ) = 0.

Aλ/Jac(Aλ) is one-dimensional or infinite-dimensional

The following are equivalent:
1 W (λ) is finite-dimensional
2 Aλ is finite-dimensional
3 Aλ is a local ring
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Future Work

Produce examples of finite dimensional Global Weyl
Modules

Find a finite dimensionality condition for Local Weyl Module
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Thank you for your time.
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