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Def Let A BE Mmin The Hadamard
or Schur product is

A B aijbij

EX If A B are Hermitian then
so is A B AB Herm

A B ñji5ji Taijbi AB
Not true for usual matrix malt

T 1 55

Lemma If A c Mn is PSD of rankt
then A U v v2

for some ofvi.EE that are orthogon

PI By Spectral Than
A UXU

diag
a

Zero
tk

Putvi XEui.Then Vi are orthogon



A UAU A 7 u n t Kuku
V V V41

Th Schur Product Theorem
If A BE re PSD then so is A B
If A Bemare PD then so is A B
Ioof Write

A V V VkK K rank A

B WWI t want m rank B

Note that
A B Iii ifeng.e.cn
11 ViWj Vinwin T

Lakebae PSD matrices of rank 1

A B is also PSD
using P Q x 9570
Suppose A and B are PD
WTS A B nonsingular Let EC

suppose A B x 0 Then

B If a 1 uij1

ij 0 uij 2 Viow D



w̅ w 12 since 0 for every j
and Wj is an orthogonal basis for

Ji 0 i

v7 x 0 i vi basis
0

Thus A B nonsing hence PD as

1813.1181 15
rank rank I rank 0

Wiki rank A B rank A rank B

exerejf.IE ED
A PAID

A B PSD A B PSD

PSD matrices form a cone in Male

ay Fejer'sThm
Tet A Tai EMn Then A
is PSD iff Ʃ ai bij o

for all PSD miences B Tbi



Pref suppose A B PSD
Let 1 it 1 TEE be the

all ones vector By Schur Product Thm

A B is PSD So
A B 1 Ʃ aijbij
Fibi

i j

Conversely spse aijbijOVPSDBLetxen.WTS A 70

Choose B x ̅ Then B is PSD
B xx̅ ̅ Thus

Ʃaijxi̅xj Ax A PSD
i j BE


