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Def E F is an extension by
radicals if chain of subfields
F Foc F C Fr E

such that Fi Fi i di Li Fi_
for some hi o

NIe If all ni 2 then
α 22 αr

is a square root sequence
Def A pot fix EFTx is solvable

by radicals if the splitting field
of fix is contained in a field
extension of F by radicals

Ex f x1 x I is solvable

by radicals since E F En is the

splitting field and FCF Snl EF

shows E F is an extension by radicals



EI General Pol Eas
n 2 F field sit indeterminate
F Sit Frac F Sit

The general quadratic pot is

f x 2 Sx t

fix is irr over F sit by RRT Gauss
Il It only divisors of t
et E F S t α β be the

splitting field 2 SXtt X 2 x p
α p S

SYKESα β t

5 0 5EGal E Fcs 8483
TFCS.esdTEF s.t 2 Gal EIFCS.es 52

8 2 2 82 24 4
S

Shows F Sit CE FCS t t

In generalii.in i i
E splitting field Gal EAF Sn



Def A finite group G is solvable
if seq of subgroups
1 H EH Hz Hn G

such that
i Hine Hi for 5 1,2 n subnormal
ii Hi Hi_

are abelian

Remark In ii abelian can be

replaced by cyclic If Hittle are

all abelian the seq can refined to

a seq l ko KN G s t

Ki kg are all cyclic

Sn is solvable 1 n 4

I 4112313 53
4123771 23 53

2112377 22

4211341 EN Aye54
I 2 4 12 24

N 11 127634 1371241 1476231 Ag
22 22



Sg is Not solvable
I As 455

As simple and non abelian

IFbeafieldof
r f 0 Let E be the

splitting field of fix aEFEx
Then Gal ETF is solvable

Prof The roots of f x are

Fa Naw _Waw
where w is a primitive with root of

unity E F Va w

Casef WEF Claim Gal E F is

abelian Let o.IE Gal EIF Then

Fra Vaw some i

t Va Jaws some

GT Va o Tawi f o Va wi
Nawit

Off Id
similarly to Val Wai wits
Caste W F Let M F w

F C M C E

Then M is the splitting field of 1



So OITE Gal ETF permute the
roots of I

w Wi I w 05
Check at Iw TG w Gal MIF
is abelian
I Gal Elm Gal Elf
Gal LEIM is abelian by previous
argument WEM And

GEHEI I
Gal abelian

Fund Th Gal Th

EIE.EE ii hfF
FocFiCFzc cFr E

be a radical extension Then
there is a radical extension
F K C K c Ek r k

such that KSE and Kilki is

Galois



The Let fix EF x char F o

If f x is solvable by radicals
then GallE F is solvable
1 is the splitting field

5K converse also holds
Let

F F C F C c Fn E

be an extension by radicals

By Lemma can assume E is the

splitting field of x and Fi Fi is

Galois By Fund Th of Galois Theory
Gal Elf Gal E Fi_ So

we get subnormal series
I Gal Elf Gal Elf Gall
and
Gal Elfin Gal Efi Gal Fifi

By lemma Gal Fi Fi is

solvable After refining if nec

we conclude Gal Elf is solvable
Bo

CI General quintic is not solvable
by radicals since its Galois grp is 55


