Math 403/503 Spring 2024

Homework 2, due January 31

1.

Consider the abelian group G = Z12. Let N = {0, 3,6,9} (where a = [a]12
denotes the congruence class of a modulo 12). Find the Cayley table for
the group G/N. Compare it to the Cayley table for Zs.

Let G = D, = {1,r,7% ...,7r" "1 s,s7,87%,... 57" 1} be the dihedral
group of order 2n. Let N = (r) = {1,r,7%,...,r""1}. Show that N is a
normal subgroup of G and that G/N = Z,.

Let G1 and G5 be groups with identity elements denoted e; and ey re-
spectively. Let G = Gy x Gos.

(a) Show that Gy = {(z,e3) | £ € G4} is a normal subgroup of G.

(b) Show that G/él is isomorphic to the group G. Hint: Find a surjec-
tive homomorphism ¢ : G — G5 with kernel equal to G;. Then use
the First Isomorphism Theorem.

Show that Zqio = Z3 x Z4. Hint: Consider the homomorphism ¢ : Z —
Ls x Ly, p(a) = ([a]3, [ala).

Let M be a normal subgroup of a group G and let N be a normal subgroup
of a group H. If ¢ : G — H is a homomorphism such that p(M) C N,
prove that the map ¢ : G/M — H/N given by ¥(gM) = ¢(g)N is a
well-defined homomorphism.



